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r1 Introduction

Exploration, mapping, and monitoring with autonomous agents, notably in marine envi-
ronments, has been a prominent topic in the last decade and is expected to gain more
importance in the future. In particular, understanding spatio-temporal dynamic processes
and fields such as flow conditions, temperature, salinity, or oxygen concentration is at the
core of many scientific disciplines and is becoming increasingly important for engineering
marine applications.

Recent technological advances in the fields of perception, design, and control have given
rise to the use of autonomous underwater vehicles (AUVs) for sampling and analyzing
spatio-temporal fields. While today, mostly single, large, and highly specialized AUVs
are employed, the future generations of AUVs will act as networked groups operating in
dynamic environments. Compared with vehicles which perform solo missions, AUV fleets
offer greater operational capabilities and are more efficient. This is particularly the case
for adaptive sampling of environmental fields because a multi-agent system can provide
a higher resolution in space and time and allows to adapt the strategy of single agents
based on the information gathered by the whole group.

Advances in the area of micro aerial robotic systems led to a miniaturization and cost
decrease of hardware, such as motor controllers and sensor suits. This enables the develop-
ment of novel micro AUVs (µAUVs) suitable for multi-vehicle operations. An underwater
vehicle is usually termed µAUV if it has a characteristic size of less than 50 cm [79].
Micro AUVs are increasingly becoming interesting for operations in industrial settings.
Equipped with appropriate sensors, they allow for autonomous exploration, mapping, and
monitoring of spatio-temporal fields in confined environments, as illustrated in Figure 1.1.
Furthermore, µAUVs require positioning systems to estimate their own positions, which
consists of localization beacons installed prior to operations.
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confined environment

flow field localization beacon

concentration field

µAUV

Figure 1.1: Application scenario for a fleet of µAUVs. A confined environment contains a
liquid with an underlying concentration field of interest. The µAUVs collect measurements
to infer the state of the concentration field while the flow field disturbs the motion of
the µAUVs. Localization beacons installed prior to operation allow the micro AUVs to
estimate their positions.

Environmental fields of interest include temperature, pH-values, or certain chemical con-
centrations that are important for the processes. Possible applications are monitoring of
storage ponds at nuclear power plants [24] and information gathering in process tanks
that are used in chemical engineering as well as in electricity generation and water pro-
duction [79]. A µAUV based monitoring system could enable improved in-situ analyses
and feedback of liquid-based processes offering great potential for increased safety and
cost decrease. Further sites for using µAUVs are port basins, where they could replace
laborious vessel-based operations for measuring certain concentration levels. The small
size and autonomy makes µAUVs attractive for space exploration as well. Data gathering
in water on planets and moons, such as Jupiter’s moon Europa, are promising future
applications of this technology [29].

Deploying µAUVs as a fleet is challenging because efficient vehicle group management
by human remote-control is at best extremely difficult, and often just impossible. There-
fore, distributed automatic control algorithms have to be deployed to navigate multi-AUV
systems instead of human remote-control. Fundamental questions on how a µAUV fleet
can be utilized to adaptively sample and autonomously explore spatio-temporal fields are
currently in the domain of active research. Addressing these problems requires a formal
mathematical framework which considers coordinated vehicle controls and information
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CHAPTER 1. INTRODUCTION

gathered from environment through local sensing. The problem differs from control of
aerial or ground vehicle groups because of the constraints imposed by aqueous environ-
ments. This includes communication, dynamics, and position uncertainty underwater.
Exploration and monitoring in confined underwater environments requires µAUVs with
sufficient computing and sensing capabilities. Unlike with micro aerial vehicles, the tech-
nology and commercialization of µAUV platforms did not yet advance to a point where
vehicles would be readily available for purchase. Current full scale AUV technologies offer
only limited benefits for µAUVs because crucial sensing devices, such as Doppler Velocity
Log sensors, are based on physical principles that do not allow down scaling. Fundamental
research on µAUV systems to make industrial applications possible began only recently.
This includes mechatronic design but also position and attitude control systems. For a
fleet of µAUVs to autonomously explore underwater environments without human inter-
vention, self-localization is a key challenge. Autonomous operations require the agents to
know their positions. Based on state-of-the-art technology, this appears to be the most
critical bottleneck for real-world applications of µAUVs.

This dissertation addresses challenges associated with exploration and monitoring of con-
fined environments with µAUVs. The presented work contributes to the current main
problems consisting of µAUV systems design, self-localization, and tractable information-
theoretic control approaches for autonomous behavior.

1.1 Survey of Related Work

This section provides a literature overview on topics related to this dissertation. The
survey focuses on exploration and monitoring with AUV groups, µAUV systems, and
self-localization.

1.1.1 Exploration and Monitoring with AUV Groups

Exploration of spatio-temporal fields with AUV groups can be linked to information the-
oretic control [4], where information collected by agents is directly coupled with their
motion. This is also called active sensing. The agents observe the environment to perform
local control actions and to infer information about the underlying environmental fields.

There has been substantial work in the area of collective motion in general and for explo-
ration purposes in particular. Control approaches for collective explorative motion can be
categorized along different dimensions. The approaches are either centralized or decen-
tralized, they follow different strategies on ways to use collected information to compute
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1.1. SURVEY OF RELATED WORK

control actions, they tackle the inherent suboptimality in the problem differently. Fur-
thermore, the included environmental models differ.

Centralized algorithms for controlling collective motion, for example with model predic-
tive control [12, 25], rely on a central unit that receives all information and provides
coordination to all vehicles. These approaches are usually difficult to scale and require
computational resources and communication bandwidths which are often not available in
underwater use. Hence, a great emphasis lies on research concerned with coordinated con-
trol based on local information without an explicit global coordinating unit. Among those,
decentralized feedback control laws based on simple dynamical models are of particular
interest for two reasons. They show great scalability, which is a prerequisite for engineer-
ing large scale systems and they offer the potential for designing systems which resemble
the rich behavior observed in biological collectives such as fish schools [67, 5]. However,
decentralized approaches are usually more difficult to design and analyze compared to
their centralized counterparts.

Exploration and monitoring tasks that have been of interest in recent studies include
environmental mapping, gradient climbing, level curve tracking, coverage control of pos-
sibly large areas, and extremum seeking. Information gathering problems have by design
an optimization flavor because there is a choice for where to take next measurements.
Solution approaches for the above tasks usually fall into one of the following four opti-
mization strategies. (1) Myopic gradient based optimization. Here, the next best action
is derived without considering a planning horizon [13]. This is usually efficient but prone
to local optima. (2) Receding horizon techniques [70]. This allows for optimality within
the control horizon, but cannot provide any performance guarantees beyond the control
horizon. (3) Dynamic programming. If the exploration problem is phrased as a (partially
observable) Markov decision process, it can be tackled with methods such as dynamic
programming [55]. However, without domain and state discretization, such approaches
are not tractable. (4) Sampling-based methods. These methods have been very successful
during the last years [38, 8], but do not guarantee global optimality.

Field exploration approaches can furthermore be classified in two types; (1) control meth-
ods which rely on environmental models and (2) the ones which do not. Extremum seeking
[73] and coverage-control [39, 75] are among the most common applications that do not
require environmental models. Various other control methods such as concentration field
mapping require the incorporation of environmental models within the control law. Opti-
mal coordination of a group for the sake of active estimation of a spatio-temporal field is
a provably computationaly infeasible problem [23], i. e. any algorithm scales exponentially
in time. All approaches for navigating AUVs for information gathering can only be sub-
optimal, either by relaxing the optimality condition, restricting the optimization problem
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CHAPTER 1. INTRODUCTION

to a subset of possible paths [46], or parameterizing the formations and fields by a finite
set of parameters [10].

While environmental fields can be naturally expressed with physics-based models [25], such
approaches require solving partial differential equations (e. g. the Navier-Stokes equations)
within the control formulation on-line. This is computationally demanding and requires
information that might not be available to the AUV group, such as the boundary condi-
tions of the environmental fields.

Very recently, techniques based on stochastic field modeling gained attention. These tech-
niques seem to be suitable for computationally constrained AUV teams because they are
computationally less involved than physics-based models and they do not require the type
of a priori knowledge that physics-based models do. An example of a stochastic regression
technique for estimating environmental fields is Gaussian process regression. Gaussian
process regression, also called Kriging method, was originally developed in geostatistics
[35]. The unknown field is assumed to be a Gaussian random field (GRF), which can be
interpreted as a distribution over a function space. The GRF is completely defined by its
mean and covariance function. The goal of Gaussian process regression is to compute a
posterior field distribution at arbitrary locations given the measurements. Given a prior,
which is often a distribution over all possible realizations, observations update the distri-
bution of functions and render some of them more likely than others. Krause [34] provides
many important theoretical results on learning environmental fields which are modelled
as GRFs. A key result of his work is that near-optimal sensor placement can be achieved
for known stationary covariance functions with submodular information-theoretic metrics
using an a-priori design. However, this does not hold true for sequential sampling where
agents have to obey dynamics or are disturbed by unknown flow fields.

The feasibility of using Gaussian process regression to learn an environmental scalar field
is demonstrated in [85]. In their study Zhang and Sukhatme deployed static buoys and a
robotic surface boat to sample and reconstruct the temperature field of a lake surface. Xu
et al. [82] consider a mobile sensor network for learning spatio-temporal GRFs via Gaussian
process regression based on truncated observations. In their subsequent monograph, Xu
et al. [84] provide an extensive collection of techniques for modeling environmental fields
with GRFs and myopic adaptive exploration approaches. Hollinger and Sukhatme [28]
introduce sampling-based navigation strategies for information gathering which have the
advantages of being suitable for continuous domains and scale well with the number of
agents. They focus on planning directly in the space of the information quality metric and
develop a sampling based exploration algorithm. Recent work by Ma et al. [50] proposes
a path planner that exploits GRFs to find most informative observation waypoints. Their
algorithm solves a Markov decision process, but does not consider AUV dynamics which
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1.1. SURVEY OF RELATED WORK

is usually not necessary for path planning in oceans, but becomes important in confined
underwater environments. Marino and Antonelli [51] present a sampling strategy for AUVs
that is based on GRFs. The proposed AUV control strategy divides the spatial domain
with Voronoi tessellations, and for each tessellation a GRF is constructed. The controller
follows a myopic strategy to decide on future measurement points.

Recent efforts incorporate Gaussian Markov random fields (GMRFs) to approximate GRFs
[69]. They possess the Markov property in space and time and scale better with increas-
ing number of measurements than conventional GRFs. This property is advantageous
for resource constrained, distributed mobile robots. Xu et al. [83] present a framework
where a scalar field is modeled as a GMRF with uncertain parameters. Research on rep-
resenting spatiotemporal fields by GRFs is expected to become more popular because of
the computational advantages over physics-based models. Boundary conditions are not re-
quired and the availability of uncertainty measures promises great potential for navigating
AUV-groups in monitoring and exploration missions. Currently, ongoing work on GMRF
representations considers nonstationarity of the covariance function. This allows more ac-
curate modeling because environmental fields have in general nonconstant decorrelation
scales [16].

1.1.2 Micro Underwater Vehicles

A key step for transitioning theoretical results to real-world applications lies in hardware
implementation and experimental validation with µAUVs. Disturbance rejection, sensor
noise, process noise, communication limits, and model uncertainties are should be stud-
ied in theory and experiments. So far, experimental validations with µAUVs were mostly
performed in the context of formation control. This type of control usually requires infor-
mation about the relative positions of the vehicles to each other. Monitoring and exploring,
however, require global position information, which is more difficult to obtain. The cor-
responding self-localization problem is challenging in confined underwater environments.
This will be further explained in the next subsection.

Since µAUVs are not readily available for purchase yet, each research project requires
the design of a platform, which is often customized for target applications. One of the
first experimental test beds for µAUV cooperative formation control is reported by Klein
et al. [33]. The authors developed and deployed fin-actuated µAUVs and provided re-
sults for formation control based on the Kuramoto model. Napora and Paley [56] present
the implementation and experimental results of a synchronization algorithm for an AUV
group, which is supposed to perform stabilized parallel and circular motions. The AUVs
in the study are modified commercially available remote controlled vehicles equipped
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CHAPTER 1. INTRODUCTION

with custom electronics. The size of these vehicles exceeds one meter. A µAUV specifi-
cally designed for swarm experiments is introduced in [54]. Swarm algorithms distinguish
themselves through their simplicity, and the computing hardware is therefore usually lim-
ited. Other µAUV designs include a spherical µAUV for applications in wireless sensor
networks [47], the AVEXIS platforms for monitoring storage ponds at nuclear facilities
[24] and the MONSUN vehicle [60]. In this dissertation, the HippoCampus platform [26]
is covered. It exploits recent advancements in the area of micro aerial vehicle systems.

1.1.3 Self-Localization in Confined Underwater Environments

Self-localization approaches for µAUVs pose great technological challenges. State-of-the-
art systems do not provide satisfactory and reliable performance for µAUV operations
yet.

Outdoor robots usually rely on Global Navigation Satellite Systems (GNSS) for localiza-
tion, whereas indoor robots, such as aerial vehicles, often utilize camera systems for local-
ization. Submerged robots, however, have difficulties using aforementioned technologies.
It is impossible to use GNSS for localizing submerged robots because electro-magnetic sig-
nals at frequencies above 1 GHz are quickly attenuated in water. Vision-based systems are
also not feasible because image recognition is difficult underwater. Furthermore, in order
to obtain global positions, image capturing and processing has to be performed off-board,
and the positions have to be sent to the robots. Off-board localization introduces laten-
cies and degrades closed-loop controller performance. Since underwater communication is
limited, sending positions to the robots can be unreliable. Therefore, the ability to per-
form on-board self localization is highly desirable for µAUVs. Furthermore, a localization
framework that is not affected by the number of fleet members is required for large µAUV
fleets. This has to be achieved via passive localization approaches. In passive localization,
the receiver observes an ambient reference signal without actively transmitting.

Passive self-localization systems rely on a signal that is transmitted by beacons. The
beacons are installed prior to operations, and their positions are known to the receivers.
The receiver position is obtained in relation to the beacons by either determining the
range to the beacons (spherical positioning), or by determining the difference between
the ranges (hyperbolic positioning). Acoustic signals can be used as ambient reference
signals for passive localization in confined underwater environments, such as filled tanks.
However, acoustic signals multi-path propagation and reflections pose serious challenges
to acoustic approaches in confined underwater environments as opposed to openwaters,
for example oceans or lakes. Reverberation time of acoustic signals in confined underwater
environments can be much longer than the original signal. This is a problem because the
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1.2. CONTRIBUTIONS AND OUTLINE OF DISSERTATION

signal has to be uniquely detected for localization signal processing. Another challenge
for deploying acoustic systems lies in the limited capabilities of µAUVs in terms of clock
synchronization. Without proper clock synchronization, time of flights of acoustic signals
cannot be determined accurately. An acoustic spherical positioning system with channel
switching that does not require clock synchronization is suggested in [11]. However, only
simulations are presented without degrading effects.

Recently, a series of papers [63, 64, 65, 66, 36] introduced a novel approach for determining
the range in underwater localization based on the attenuation of electro-magnetic carrier
waves. Furthermore, the authors show the feasibility of the system for accurate localization
in confined underwater environments. In [63], Park et al. derive the relationship between
range and electro-magnetic wave attenuation from the Maxwell equations and the Friis
transmission formula. The relationship is used in [64] to demonstrate self-localization in
the horizontal plane based on the attenuation of electro-magnetic carrier waves. Thorough
analyses for issues occurring when the system is deployed in three-dimensional space
are provided in [66, 36]. The benefits of the electro-magnetic approach is that multi-
path propagation, reflections, and reverberation are much weaker for electro-magnetic
waves than for acoustic waves in water. The localization accuracies that are reported in
[63, 64, 65, 66, 36] are within a millimeter range at a 1000Hz update rate. All results
reported in [63, 64, 65, 66, 36] require a full-fledged spectrum analyzer for computing
an ultra-high frequency (UHF) power density spectrum. Unfortunately, such a spectrum
analyzer is not deployable on-board for µAUVs, because it is too bulky, heavy, and costly.
Due to inferior UHF signal processing capabilities, an embedded system for µAUVs will
most likely have a degraded localization accuracy and update rate. However, even if the
accuracy reduces to a centimeter range and the update rate to 10Hz, such an embedded
localization system would fulfill localization specifications for most autonomous operations
in confined underwater environments. It would be an improvement over the state-of-the-
art that would render µAUV operations in confined underwater environments possible.

1.2 Contributions and Outline of Dissertation

This dissertation contributes to three areas associated with exploration and monitoring
of confined underwater environments with µAUV systems. First, a novel µAUV system
called HippoCampus is presented. Second, two solution approaches for the underwater self-
localization problem in confined underwater environments are introduced. Third, adaptive
and autonomous environmental field exploration and monitoring is addressed. In the fol-
lowing, a summary of key sections of this dissertation is provided.
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CHAPTER 1. INTRODUCTION

Micro Underwater Vehicle HippoCampus

The HippoCampus vehicle is a low-cost, open-sourced µAUV designed for applications in
confined environments. It is highly manoeuvrable due to its quadrotor design. In Chapter
2, the HippoCampus system is presented in detail. Its mechatronic architecture and a thor-
ough dynamical analysis are covered including low-level feedback controls for trajectory
and waypoint tracking. Furthermore, the section introduces a path following controller
for µAUVs, which is based on the receding horizon sliding control framework.

Contents of this chapter are partly published in

• A. Hackbarth, E. Kreuzer, and E. Solowjow. HippoCampus: A Micro Underwater
Vehicle for Swarm Applications. In IEEE/RSJ International Conference on Intelli-
gent Robots and Systems (IROS), pages 2258–2263, Hamburg, Germany, 2015.

• T. Johannink, E. Kreuzer, and E. Solowjow. Sealing of Machine Parts and Modules
Manufactured with Desktop 3D Printers (in German). Konstruktion, 1/2: 63–67,
2017.

Acoustic Hyperbolic and Electro-Magnetic Spherical Localization for µAUVs

Self-localization systems for µAUVs in confined underwater environments represent very
challenging problems due to their strict requirements in size and cost. Chapter 3 introduces
two self-localization approaches that are suitable for µAUVs.

The first approach is a hyperbolic acoustic system for underwater self-localization. It is a
passive localization system with one-way signal transmission. Time differences of arrival
(TDOAs) between the emitted acoustic signals are estimated by the receiver via cross-
correlation. These TDOAs are fed to a Bayesian filter to estimate the global position of
the receiver. Experimental results in air and water demonstrate that acoustic one-way
localization is possible with off-the-shelf hardware.

As the second approach, an embedded system for spherical electro-magnetic localization is
presented. It extends recent results for estimating ranges based on attenuation of electro-
magnetic waves. Previous work relied on a full-fledged signal analyzer to compute the
spectrum of a high frequency signal. This section demonstrates that the required signal
processing can be performed on a compact Digital Video Broadcasting - Terrestrial dongle.

Contents of this chapter are partly published in

• A. R. Geist, A. Hackbarth, E. Kreuzer, V. Rausch, M. Sankur and E. Solowjow. To-
wards a Hyperbolic Acoustic One-Way Localization System for Underwater Swarm

9
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Robotics. In IEEE International Conference on Robotics and Automation (ICRA),
pages 4551-4556, Stockholm, Sweden, 2016.

• D.-A. Duecker, A.R. Geist, M. Hengeler, E. Kreuzer, M.-A. Pick, V. Rausch, E.
Solowjow. Embedded Spherical Localization for Micro Underwater Vehicles based
on Attenuation of Electro-Magnetic Carrier Signals. Sensors, 17(5): 959-981, 2017.

Path Integral - Gaussian Markov Random Field Controller

Chapter 4 presents an information theoretic control approach for exploration and mon-
itoring of underwater environments with µAUVs. The controller is based on core ideas
from path integral control and inference with Gaussian Markov Random Fields (GM-
RFs). Both domains are combined in a receding horizon scheme to the path integral
(PI) -GMRF controller for environmental monitoring. The control problem is formulated
within the stochastic optimal control domain, and a solution is stated as a path integral.
In order to close the control theoretic loop, a belief representation of the environment
is maintained that is expressed with GMRFs. The PI-GMRF controller is developed for
resource constrained computing hardware and is optimized towards online feasibility.

Contents of this chapter are published in

• E. Kreuzer, E. Solowjow. Learning Environmental Fields with Micro Underwater
Vehicles: A Path Integral – Gaussian Markov Random Field Approach. Autonomous
Robots, 42(4): 761-780, 2018.
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HippoCampus

This chapter presents the HippoCampus µAUV, a robotic platform designed for explo-
ration and monitoring in confined underwater environments. The vehicle development
is motivated by Chapter 1. The design of HippoCampus follows a mechatronic design
methodology, for which sensing, computing, and actuation are closely interlinked. Agility
is critical for operating in confined environments, which is reflected in the design. The
equations of motion of HippoCampus are derived and dynamic properties are analyzed for
low-level control concepts. Based on the differential flatness property of the HippoCampus
dynamics, control laws for trajectory and waypoint tracking are introduced. A receding
horizon control method for path following is presented in the last section of this chapter.

2.1 System Architecture

This section presents the mechatronic design of the HippoCampus µAUV. HippoCampus
can be deployed in confined underwater environments and in open waters such as lakes
or port basins. The HippoCampus µAUV is designed for high vehicular autonomy and
possesses sufficient sensing and computing resources. High maneuverability is a crucial
attribute for space limited underwater sites, and actuation has to reflect that. The system
follows design requirements of being low cost, open source and uses off-the-shelf compo-
nents. This allows rapid reproduction of HippoCampus, which is important for a system
that is intended for multi-vehicle operations. The initial application environments are wa-
ter tanks with water depths of up to 10m. The current design presented in this section
is based on theoretical considerations, experimental results, and lessons learned by going
through multiple design iterations. Figure 2.1 portrays different versions of HippoCampus
as CAD models and photographs. The top row shows the first design iterations while the
bottom row shows the current version.
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2.1. SYSTEM ARCHITECTURE

2.1.1 Mechanical Structure and Components

HippoCampus consists of two cylindrical tubes made out of acrylic glass which are con-
nected to a 3D-printed base unit. It is enclosed by two covers, which house sensors and
antennas. The default configuration includes a pressure and a temperature sensor. Front
and rear covers can be equipped with additional sensors. HippoCampus has two antennas.
One is intended for radio communication and the other for RF localization. The acrylic en-
closure hosts electronic components, a battery, and the computing boards. All 3D-printed
parts are produced with the stereolithography method which allows printing nonporous
parts that are waterproof without any additional processing. The more commonly used
fused deposition modeling method results in leakage, due to micro pores. The structure
provides rigidity and was tested at a relative pressure of 1.2 bar (equivalent to 12m water
depth). The current design should withstand relative pressures of up to 5 bar (equiva-
lent to 50 m water depth), although this was not tested yet. Propulsion is achieved with
custom 3D-printed thrusters which are attached to the base unit. Thrusters consist of in-
tegrated brushless DC motors with counter-rotating propellers. The four-thruster design
is inspired by multi-rotor micro aerial vehicles and offers distinct advantages. The vehicle
has great maneuverability and sufficient actuator bandwidth. Furthermore, turning rates
are independent of forward motion, which is an advantage to conventional underwater
vehicle designs with a single propeller and rudders. Also, no mechanical linkages and no
dynamic sealing are required in the system, which vastly simplifies manufacturing and
assembly. The disadvantage of the design is worse energy efficiency because of additional
motors. HippoCampus does not have a dive tank and is by design neutrally net buoyant,
whereby the center of volume approximately coincides with the center of mass. The total
weight of the vehicle is ca. 1, 300 g, and it has a length of ca. 380mm.

2.1.2 Computational Resources

The on-board computational resources are comprised of two single-board computers that
offer all required functionality for autonomous operations. The opensource Pixhawk con-
troller board [52] is the main processing unit for low-level computations. The Pixhawk
board is popular for mobile robotic applications because it is compact and widely available.
It consists of a 168MHz Cortex M4F CPU with 256KB RAM and 2MB flash memory.
The Pixhawk unit coordinates communication, sensing, attitude estimation, and low-level
controls. Data can be logged to a microSD-card. The second single-board computer is a
Raspberry Pi Zero that runs at 1GHz with 512MB of RAM. The Raspberry Pi Zero
drives the Digital Video Broadcasting - Terrestrial dongle for RF self-localization and
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Figure 2.1: Different versions of HippoCampus µAUV. Top left: An early concept drawing.
Top right: The first prototype. Bottom left: CAD model of the final version. Bottom right:
Photo of the final version.

performs the computationally intensive signal processing associated with localization. It
can in principle also be used for additional high-level control algorithms, that are not
real-time critical.

2.1.3 Sensors and Electronics

The sensor suite consists of the on-board Pixhawk sensors and includes a 16 bit three-
axis gyroscope as well as a combined 14 bit three-axis accelerometer and magnetometer
for vehicle attitude estimation. A pressure sensor for depth control and a temperature
sensor for environmental monitoring tasks are installed. Additional sensors can be added
through I2C, SPI or ADC interfaces. Off-the-shelf electronic speed controllers (ESCs)
rated at 15Amps drive the brushless DC motors. The vehicle is powered by a lithium
polymer (LiPo) battery, which has a capacity of 2, 200mAh. The operational time is
approximately 60 minutes. The communication link to the ground station and to other
vehicles is established through radio at 433MHz with an adjustable output power of up
to 100mW and frequency shift keying (FSK) modulation. Due to attenuation of elec-
tromagnetic waves in water, only short range communication of ca. 6m can be achieved
with radio at 433MHz. Since the system is developed for small- and mid-sized underwa-
ter environments, this communication range is sufficient. A reliable communication link
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2.1. SYSTEM ARCHITECTURE

to HippoCampus can be maintained at any location in a 4m × 3m × 1.5m tank with
an output power of 10mW and a baud-rate of 56, 700Bd. Reducing the baud-rate and
increasing the output power increases the communication range for operations in larger
tanks. A Digital Video Broadcasting - Terrestrial dongle can be used to process RF signals
on-board for self-localization. It is driven via USB 2.0 by for example a Raspberry Pi Zero
board. Figure 2.2 provides a high-level overview of the sensors and electronic components
of the vehicle.

System Hardware

IMU

SD Log

CPU
Pixhawk

Radio

Sensors
(e. g. pressure) Motors

ESCspwm

2.2Ah

5V

433MHz
10V

UART

SD Log

CPU
Pi Zero

RF Loc
433MHz

Position

I/Q values

battery

via USB

Figure 2.2: Electronic components of HippoCampus.

2.1.4 Software Architecture

The software architecture of HippoCampus consists of several abstraction layers and ex-
tends the PX4 project [52] to µAUVs. The PX4 stack is a node-based multi-threaded
open source framework developed along the Pixhawk controller board for deeply embed-
ded mobile robotics applications [52]. The HippoCampus firmware includes customized
software modules specific to the HippoCampus platform and to underwater robots in gen-
eral. However, at the same time, it utilizes common elements among mobile robots such
as inertial state estimation. It is crucial to utilize existing functionality in robot software
development, because modern mobile robotics firmware can easily contain hundreds of
thousands of code lines. The Pixhawk controller board runs NuttX, a real-time operating
system that provides a POSIX-style environment. The low-level drivers are implemented
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in NuttX. On top of NuttX, the PX4 middleware provides device drivers and an object
request broker (uORB) for asynchronous communication between the individual threads.
The Pixhawk board communicates with the single board computer via a serial link.

2.2 Dynamics

This section presents the equations of motion for the HippoCampus vehicle. The equations
of motion allow to analyze the design and to develop low-level controls, for example for
trajectory tracking.

Let I := {OI , xI , yI , zI} be an inertial coordinate system and B := {OB, xB, yB, zB}
the body fixed coordinate system. The set of unit vectors (eB

x , e
B
y , e

B
z ) represents the axes

of B. The origin of B coincides with the center of gravity of HippoCampus. The roll axis
xB is along the longitudinal direction of the vehicle, the pitch axis yB points in starboard
direction, and zB is oriented downward as illustrated in Fig. 2.3.

The state of HippoCampus is described by [ν> η>]>. Thereby, η = [r> q> |Θ>
IB]

>

describes the vehicle position and orientation. The vehicle position in the inertial coordi-
nate system is r = [x y z]>. The orientation can be described by either a unit quaternion
q = [ε0 ε1 ε2 ε3]

> or by z-y-x Euler angles ΘIB = [φ θ ψ]>. While the quaternion represen-
tation avoids Gimbal lock, Euler angles allow to analyze single degrees of freedom (e. g.
the roll motion) more conveniently. Both rotation representations will be used throughout
the remainder of this chapter. The vector ν = [v> ω>]> describes the translational ve-
locities v = [u v w]> and the angular velocities ω = [p q r]> in the body fixed coordinate
system B.

M1 M2

M3M4

F4

F3

F2

F1

d

OB
xB

zB

yB

Figure 2.3: Forces and moments due to propulsion. All propellers rotate clockwise.
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HippoCampus has four counter-rotating propellers. The i-th propeller’s position relative
to the center of mass is defined by the position vector dB

i . The i-th propeller spins with
the rotational speed ωi and produces the thrust κtω

2
i in xB-direction and a moment κmω

2
i

around the xB-axis. The scaling factors κt and κm depend on propeller geometry, the
density of the fluid, and heuristic parameters.

The motor dynamics are significantly faster than the rigid body dynamics of the vehi-
cle. We assume therefore that the desired thrust and the desired body torques can be
instantaneously achieved. The controllable input uB to the vehicle system can be written
as

uB =



uB1

0

0

uB2

uB3

uB4


=

4∑
i=1



κtω
2
i

0

0

κmω
2
i

−di e
B
z κtω

2
i

di e
B
y κtω

2
i


=

4∑
i=1



F i e
B
x

0

0

M i e
B
x

−(di × F i) e
B
z

(di × F i) e
B
y


. (2.1)

The components of uB are the the collective thrust uB1 and the body torques uB2 , uB3 , and
uB4 associated with the degrees of freedom roll, pitch, and yaw, respectively.

The equations of motion for HippoCampus read

η̇ = S(η)ν , (2.2)

(MA +mI)v̇ = −Dvv + v ×MAω + u1e
B
x , (2.3)

(JA + J)ω̇ = −Dωω − ω × (JA + J)ω + v ×MAω + [uB2 u
B
3 u

B
4 ]

> , (2.4)

where S is the transformation matrix between body fixed and inertial reference frames.
The transformation matrix S can be partitioned with a rotation matrix RI

B that trans-
forms translational velocities and a matrix T that transforms angular velocities. They can
either be expressed in terms of Euler angles ΘIB or in terms of quaternions q:

S =

[
RI

B(ΘIB) | RI
B(q) 0

0 TΘ(ΘIB) | T q(q)

]
, (2.5)

with the rotation matrices

RI
B(ΘIB) =

cψ cθ −sψ cφ+ cψ sθ sφ sψ sφ+ cψ cφ sθ
sψ cθ cψ cφ+ sψ sθ sφ −cψ sφ+ sψ cφ sθ
−sθ cθ sθ cθ sθ

 (2.6)

or

Rq(q) =

1− 2(ε22 + ε23) 2(ε1ε2 − ε3ε0) 2(ε1ε3 + ε2ε0)

2(ε1ε2 + ε3ε0) 1− 2(ε21 + ε23) 2(ε2ε3 − ε1ε0)
2(ε1ε3 − ε2ε0) 2(ε2ε3 + ε1ε0) 1− 2(ε21 + ε22)

 , (2.7)
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as well as

TΘ(ΘIB) =

1 sφ tθ cφ tθ
0 cφ −sφ
0 sφ

cθ
cφ
cθ

 , (2.8)

or

T q(q) =
1

2


−ε1 −ε2 −ε3
ε0 −ε3 ε2

ε3 ε0 −ε1
−ε2 ε1 ε0

 . (2.9)

The abbreviations s(·), c(·), and t(·) represent the trigonometric functions sin(·), cos(·),
and tan(·), respectively.

In (2.3) and (2.4), m is the vehicle mass, J is the rigid body inertia tensor with respect
to the body fixed frame, MA and JA are the hydrodynamic added mass matrices for
translation and rotation. Damping is caused by the surrounding fluid, and the matrices Dv

and Dω are the hydrodynamic damping matrices for translation and rotation, respectively.
The cross coupling term v ×MAω represents the Coriolis effects of the hydrodynamic
added mass. In order to achieve high manoeuvrability, the vehicle is designed such that
its hydrostatic equilibrium is maintained for any orientation. Also, the hydrostatic loads
and the weight cancel each other by design. Furthermore, the center of gravity coincides
with the center of volume and all moments due to buoyancy and weight vanish.

There are different approaches of varying complexity and degree of fidelity for modeling
the hydrodynamic added mass and damping. Exact parameter values can be identified
either in experiments or with CFD simulations. For very simple geometries, such as cylin-
ders, analytical values can be obtained. The hydrodynamic modeling of HippoCampus is
based on the assumptions that are introduced by Fossen [14]. If underwater vehicles are
not wave affected, the hydrodynamic added mass can be assumed to be frequency inde-
pendent. The added mass structure can be assumed diagonal in structure if the vehicle
has approximately three planes of symmetry such as HippoCampus. In practice, these
approximations deliver very good results because the contributions from off-diagonal el-
ements of the added mass matrix are usually small and hence neglectable. Submerged
underwater vehicles below the wave affected zone are not subject to hydrodynamic po-
tential damping, but only to viscous damping [14, p. 112]. Since HippoCampus operates
at low velocities of approximately 1m/s, linearized viscous damping is assumed, with di-
agonal matrix structures for Dv and Dω. The approximation of damping element dii is
obtained with

dii = ρflCDAref , (2.10)
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where ρfl is the density of the surrounding fluid, CD is the drag coefficient and Aref is the
reference area.

HippoCampus is an underactuated system, because four thrust inputs drive six degrees of
freedom. It is apparent from Fig. 2.1 that sway and heave are the underactuated degrees
of freedom. HippoCampus is a ”flying vehicle” whose lateral velocities are in general small
and the encountered flow direction due to self-propulsion is along the longitudinal vehicle
axis.

2.3 Geometric Trajectory Control

This section introduces a trajectory tracking controller that allows HippoCampus to track
prescribed trajectories in space. The controller is also capable of waypoint tracking. Track-
ing trajectories and waypoints is a basic operational building block for autonomous be-
havior of mobile robots. The introduced control system is modular and can serve as the
inner loop of high-level controllers that generate desired trajectories or waypoints.

Geometric tracking control has become prominent for quadrotor micro aerial vehicles and
has seen varios applications in recent work [42, 53, 49]. Geometric control shows enhanced
performance compared with linear control systems and nonlinear control approaches that
operate on Euclidean spaces. In general, geometric control theory is not based on the
assumption that system states evolve on Euclidean spaces. Instead, it directly considers
the influence of the state space geometry [41]. In the case of trajectory tracking for mobile
robots, geometric control approaches operate directly on the special orthogonal group
instead of angle parametrizations such as the Euler angle representation.

In the following, control strategies presented in [42, 53] are extended to the HippoCampus
platform. The control system is designed for the limited sensing capabilities of µAUVs.
Velocity measurements can only be obtained through differentiation of position informa-
tion, which is extremely noisy. Overcoming this limitation for real-world performance and
practicality is an important objective of the presented control design procedure.

2.3.1 Differential Flatness

The differential flatness property of a system allows to express all system states and inputs
as algebraic functions of flat outputs. The design of HippoCampus renders differentially
flat dynamics if two assumptions are imposed. First, neglect the hydrodynamic added
mass cross-coupling term v ×MAω in the equation of motion for translation (2.3). This
is justified by the second order nature of the added mass cross-coupling term. Second,

18



CHAPTER 2. MICRO UNDERWATER VEHICLE HIPPOCAMPUS

set MA = mAI as well as Dv = dvI. The HippoCampus design is optimized towards
approximately fulfilling the above assumptions on translational added mass MA and
damping Dv. However, a trade-off arises in practice because a small added mass in surge
direction benefits vehicle agility and energy efficiency. Therefore, a compromise had to be
found for the final HippoCampus design. Interestingly, the cross-coupling term v×MAω,
the added inertia JA, and the damping Dω in the equation of motion for rotation (2.4)
do not influence the differential flatness property as will be shown. While the assumptions
may appear restrictive, adjusting the vehicle design to approximately fulfill them greatly
benefits controller design. It can be shown that

λ = [x y z φ]> = [r> φ]> (2.11)

are flat outputs of the system dynamics that are subject to the two assumptions. This is
a nontrivial and desirable result. It implies that smooth curves in R3 with an additional
specified roll orientation are a sufficient reference information for a trajectory tracking
controller without the need to specify any of the other 12 vehicle states.

In order to show the differential flatness property, all states and inputs of the HippoCam-
pus vehicle are expressed as algebraic functions of the flat outputs (2.11) and their time
derivatives.

Position coordinates x, y, z and roll angle φ: The position coordinates x, y, z and
roll angle φ are by definition flat outputs, see (2.11).

Rotation matrix RB
I : Stating the rotation matrix RB

I in terms of the flat outputs
x, y, z, φ is equivalent to showing that the Euler angles can be expressed in terms of the
flat outputs. First, the equation of motion for translation is rewritten in terms of global
coordinates under the assumption that the hydrodynamic cross-coupling term can be
neglected:

RB
I (MA +mI)(RB

I )
>r̈ = RB

IDv(R
B
I )

>ṙ + u1e
B
x . (2.12)

The key inside to note is that, due to the assumptions MA = mAI and Dv = dvI, (2.12)
can be simplified to

(mA +m)r̈ = dvṙ + u1e
B
x (2.13)

which does not include any transformation matrices.

Observe from (2.13) that eB
x and c := (mA+m)r̈−dvṙ always point in the same direction.

Hence, the orientation of the vehicle’s longitudinal axis can be expressed in terms of the
derivatives of the flat output r as

eB
x =

c

‖c‖
. (2.14)
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The unit vector eB
y can be uniquely determined from the roll angle, which in turn is a flat

output. The third unit vector eB
z is obtained by

eB
z =

eB
x × eB

y

‖eB
x × eB

y ‖
. (2.15)

Given the body fixed unit vectors eB
x , e

B
y , e

B
z , the orientation of the vehicle can be uniquely

determined and so the rotation matrix RB
I .

Velocity v: The velocity vector v is obtained through the kinematic relationship

v = RB
I ṙ . (2.16)

Angular velocity ω: The angular velocity ω can be obtained from the rotation matrix
and its derivative:

ω = (ṘR>)∨ , (2.17)

where we omitted the indication of the coordinate system for clarity. The symbol (·)∨

denotes the vee operator, which for SO(3) maps a skew-symmetric traceless matrix into
R3.

Collective thrust input u1: The collective thrust follows from (2.13) as

u1 = ‖(mA +m)r̈ − dvṙ‖ . (2.18)

Torque inputs u2, u3, u4: The torque inputs can be obtained from the rotational part
of the equation of motion (2.4). However, the angular acceleration has to be expressed in
terms of time derivatives of flat outputs first. From (2.17), we obtain

ω̇ = (R̈R> − (ṘR>)2)∨ (2.19)

through differentiation and basic matrix algebra. Again, the coordinate system indication
is omitted for clarity. With the expression for angular acceleration (2.19), (2.4) can be
solved for uB

2:4.

All states and inputs have been expressed in terms of the flat output λ.

2.3.2 Control Formulation

This subsection introduces the HippoCampus control system for tracking a prescribed tra-
jectory or for tracking waypoints based on [42, 53]. The control system uses the differential
flatness property, which was analyzed in the previous subsection.
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For a given desired trajectory in the space of flat outputs λdes = [r>
des φdes]

>, we can
compute the desired angular velocity ωdes and the desired orientation Rdes because both
can be expressed as algebraic functions of λdes according to the results of the previous
subsection.

Define tracking errors for position r, orientation R, and angular velocity ω as follows:

er = r − rdes , (2.20)

eR =
1

2
(R>

desR−R>Rdes)
∨ , (2.21)

eω = ω − ωdes . (2.22)

If these tracking errors vanish HippoCampus is precisely tracking the prescribed tra-
jectory. We propose to use feedback terms that include the tracking errors and feedback
linearization terms for known system dynamics. Moreover, feedforward terms are included
for states that cannot be easily measured. The control inputs to the system u1, u2, u3 and
u4 are defined accordingly in what follows.

The collective thrust u1 is chosen as

u1 = (−krer + (mA +m)r̈des + dvṙdes) e
B
x . (2.23)

The thrust control law (2.23) generates such that the vehicle’s center of gravity follows
the desired trajectory rdes. It provides two feedforward terms that consider ṙdes and r̈des

and a feedback term for the position error er. Since the collective thrust can only act
along the longitudinal axis of the vehicle, the control law (2.23) decreases the collective
thrust if the vehicle orientation and the required force for tracking rdes do not align. This
frees actuator bandwidth to correct the orientation via an attitude control law.

The attitude control law ensures that the vehicle tracks the desired orientation Rdes. The
body torque inputs to the system are computed asu2u3

u4

 = −kReR − kωeω + ω × (J + JA)ω −mAv × ω −Dωω . (2.24)

The attitude control law (2.24) consists of feedback terms on the orientation error and
on the angular velocity error as well as feedback linearization terms that cancel out the
Coriolis and the damping terms. The feedforward cross-coupling term mAv × ω requires
velocity measurements. In practice, if no reliable velocity measurements are available, the
term should be omitted. Due to its second order nature, it contributes little to the overall
performance.
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2.3. GEOMETRIC TRAJECTORY CONTROL

The described control structure can be used for waypoint tracking as well. Set rdes = rWP,
with rWP being the waypoint location. Since rWP is constant, ṙdes and r̈des vanish in (2.23).
The desired angular velocity ωdes in (2.24) cannot be computed from rWP anymore and
is therefore set to zero. The resulting control law simplifies to a cascaded control scheme
where the setpoint for the angular velocity is set by the orientation control loop.

2.3.3 Experimental Example

The geometric control laws are applied for tracking a circular trajectory underwater.
Figure 2.4 demonstrates the experimental setup.

test tank

Figure 2.4: Experimental setup for tracking circular trajectory.

The desired circular trajectory can be formulated with the flat outputs in closed form as

rcircle =

a cos(2π t
Tcircle

)

a sin(2π t
Tcircle

)

zdes ,

 , φdes = 0 , (2.25)

where a is the radius of the circle, Tcircle is the circular period, and zdes is the desired water
depth. All other desired states can be derived from (2.25) by using the relations (2.12) –
(2.19). A version of the control laws (2.23) and (2.24) is implemented on HippoCampus,
albeit the absolute position information is only available for the depth dimension. This
introduces translational symmetry of the circle. The desired depth is set to zdes = 0.75m
and the circular period to Tcircle = 8 s. Instead of the radius a, a maximum desired thrust
is prescribed to ensure that the vehicle does not collide with the tank walls.

Experimental results are shown in Fig. 2.5 and Fig. 2.6 for two consecutive revolutions.
Data is obtained from the on-board sensors after extended Kalman filtering. In Fig. 2.5,
the yaw angle linearly increases as expected from tracking a circular trajectory. The roll
angle is held at zero by the controller and the depth is constantly at 0.75m, as desired.
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The angular rates associated with the signals are shown in Fig. 2.6. Both the pitch and
roll rate oscillate around zero while the yaw rate has an offset, which is a consequence
from the continuously increasing yaw angle.
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Figure 2.5: Roll angle, yaw angle, and depth for two consecutive circular trajectories
obtained from on-board sensors after extended Kalman filtering.
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Figure 2.6: Angular velocities for two consecutive circular trajectories obtained from on-
board sensors after extended Kalman filtering.
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2.4 Receding Horizon Sliding Control for Path Fol-

lowing

The feedback controller of the previous section is concerned with trajectory tracking of
the underactuated HippoCampus vehicle. This section introduces a receding horizon con-
trol strategy for path following. The approach is based on the recently proposed receding
horizon sliding control (RHSC) technique introduced by [27]. The main objective is to
obtain sufficient path following performance despite uncertain hydrodynamic parameters,
which are often not exactly known for µAUVs. Unlike trajectory tracking problems, path
following does not include time constraints on the vehicle position, but only spatial re-
strictions. Path following problems can be conveniently defined by a set of waypoints that
are connected by spatial curves. The simplest curve connections are line segments. How-
ever, they introduce a non-smooth path with edges at the waypoints and a parametric
continuity C0. The µAUV is supposed to follow the path and keep its cross-track error to
the path as small as possible.

The presented RHSC for path following is applicable to non-smooth path geometries and
explicitly exploits the piecewise linear structure of the path. It shows sufficient perfor-
mance in simulations, despite actuator constraints, model uncertainties, and localization
noise.

2.4.1 Overview of Path Following Methods

Path following can be achieved either with explicit feedback-based control or model predic-
tive control (MPC). The line of sight (LOS) method [15] is a widely applied feedback-based
control framework for path following. A guidance system generates heading references for
pitch and yaw angles, which are tracked by a feedback controller. The LOS method is
based on a geometric relationship where a LOS vector from the vehicle position is pro-
jected onto the path. Despite the fact that LOS methods have been studied extensively in
the last decade and have been successfully applied to 3-DOF underactuated surface ves-
sels [3, 44], contributions which consider the full AUV dynamics are rare. The LOS path
following problem in space is often decomposed in a vertical and a horizontal part, where
a 3-DOF system is assumed in each plane [45]. In [2], full AUV dynamics are considered,
which are similar to the ones in this chapter, to guide an AUV along a single line path.
However, no rapid directional changes of the path are considered in this prior work. In
confined environments, rapid directional changes are crucial for µAUV path following.
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While feedback-based control laws are very efficient, MPC based methods allow the
explicit incorporation of physical constraints and actuator limits. Furthermore, MPC’s
"look-ahead-in-time" behavior can compensate for time delays and future errors, which
is beneficial for an agile vehicle behavior. Different MPC implementations have been re-
ported for marine vessels, mostly for surface vessels with planar dynamics [58] or for AUVs
with decoupled dynamics [74].

A control approach which combines the robustness of nonlinear feedback control [37] with
the qualities of MPC can yield an agile path following behavior, suitable for confined
environments where rapid directional changes are required. The RHSC design procedure
is inspired by the sliding control method [72]. The RHSC control approach is capable
of effectively managing constraints and future information. This is achieved by solving a
finite-time constrained optimal control problem at every time-instant and implementing
the first element of the resulting control plan before repeating the same procedure at the
next time-step with the horizon shifted by one time-step. The main difference between
classical MPC and RHSC lies in the formulation of the cost function. MPC typically
minimizes a cost function that weights off tracking performance and control action. On
the other hand, RHSC drives the system to a state-space manifold where desired error
dynamics hold.

The reason for choosing RHSC over classical MPC is the expected improvement of the
closed-loop behavior subject to system uncertainties. In most complex applications, un-
certainties are ignored in the MPC design phase due to computational complexity issues.
It relies on the capability of the nominal controller to manage the disturbances instead,
i. e. it uses a property often referred to as the inherent robustness of the controller [1].
As pointed out in [18], MPC usually achieves higher levels of inherent robustness when
the input penalty is increased. However, high input penalties also yield a sluggish con-
troller that does not fully exploit the actuator potentials. RHSC bypasses this tradeoff by
introducing desired error dynamics. The error dynamics can be tuned to yield a robust
controller without restricting control action. Hence, RHSC yields inherent robustness and
agile actuator performance, while typically being easy to tune.

2.4.2 Control Methodology

The presented control strategy is a model predictive based method and hence requires a
model of the system. This subsection revisits the µAUV and defines the control objective.
Subsequently, auxiliary control laws for roll angle and speed error regulation are given.
Finally, the core path-following logic is synthesized based on the RHSC method.
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The full nonlinear model (2.2) is embedded within the controller. The rotations are
parametrized with quaternions to avoid gimbal lock during optimization. For the re-
mainder of this section, the nonlinear equations of motion (2.2) are compactly written
as

ξ̇ = f̄ c(ξ) + ū , (2.26)

where ξ = [ν> η>]> = [x y z ε0 ε1 ε2 ε3 u v w p q r]> is the full state vector and
ū = [0> u1 0 0 u2 u3 u4]

> contains the input variables.

Control Objective and Cross-Track Error Parameterization

Assume that a set of NWP waypoints WP1:NWP is provided for navigation purposes. A path
is defined by connecting two successive waypoints with line segments l, as illustrated in Fig.
2.7 for the waypoints WPi and WPi+1. The cross-track error e is the orthogonal distance
between one of those line segments and the center of mass of the µAUV. Since the path is
non-smooth and the µAUV has underactuated dynamics, it is important to clarify the path
following objective. We can either seek exact passing through all waypoints (Dubins path)
or minimize the cross-track error while approaching the waypoints as closely as possible,
referred to as approximating paths [43]. In the following the objective of approximating
paths is discussed. For most operations in monitoring and exploration an overall small
cross-track error is more important than exactly passing through waypoints. Hence, for a
given set of waypoints, the µAUV control objective is to minimize the cross-track error
while maintaining a prescribed surge velocity. Note the difference to the control objective
of the previous section, where a µAUV was directly guided towards the next waypoint
without considering the cross-track error to a path.

The cross-track error in 2-D is usually computed along a line segment’s normal vector. In
2-D each line segment has a unique normal vector. In 3-D however, each line segment’s
orthogonal space is two-dimensional. Hence, each line segment has infinitely many normal
vectors. However, the tangent space of any one-dimensional surface is one-dimensional as
well and it can be determined from the column space of the surface Jacobian. Hence, we
can express the cross-track error of the i-th line segment ei by first computing the line
segment’s Jacobian

J(xpath,i) =
∂li
∂x

(xpath,i) (2.27)

and second by exploiting that the cross-track error ei is orthogonal to J i(xpath,i) and to
the difference r − xpath,i, where xpath,i is an arbitrary point on the line segment li, for
example, a waypoint:

ei =
‖(r − xpath,i)× J i(xpath,i)‖

‖J i(xpath,i)‖
. (2.28)
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Since the Jacobian J i(xpath,i) is constant along each line segment, the cross-track error
can be evaluated very efficiently within an optimization.

WPi+1

li+1

li

J i

ei

p

WPi

x0,i

Figure 2.7: Parametrization of cross-track error.

Surge Velocity and Roll Regulation

In addition to a desired path, we assume there is a prescribed surge velocity for following
the path. Furthermore, the desired roll angle is set to zero when possible. The µAUV con-
trol system is augmented with proportional (P) and proportional-derivative (PD) feedback
control loops for the surge velocity control and the roll angle regulation, respectively:

u1 = kP,u(u− udes) , (2.29)

u2 = kP,φφ+ kD,φq . (2.30)

The parameters kP,u, kP,φ, kD,φ are the control gains. In (2.29), udes represents the desired
surge velocity. The roll angle φ in (2.30) can be recovered from the quaternion represen-
tation using the four quadrant inverse tangent function

φ = atan
(
2(ε2ε3 + ε1ε0)), 1− 2(ε21 + ε22)

)
. (2.31)

A modified system model follows by substituting (2.29), (2.30) in (2.26) and can be written
as

ξ̇ = f c(ξ,u) . (2.32)

The remaining control inputs for navigating the µAUV are the yaw and pitch moments,
i. e. u = [u3 u4]

>. The receding horizon sliding control strategy computes these inputs.
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Yaw and Pitch Control

The RHSC method requires a discrete-time representation of the system dynamics, which
we obtain from (2.32) through Euler discretization:

xk+1 = fd(xk) + uk . (2.33)

The time step is indicated by subscripts, representing the system’s signals at times kTs

and (k + 1)Ts , respectively, where Ts is the sampling time.

Following the design procedure from [27], the first step in synthesizing the RHSC is to
define a sliding variable. Notice that the relative degree of the cross track error ei from
(2.28) is equal to two. Hence, we apply a first order difference operator to ek,i in order to
obtain a sliding variable

sk = ek+1,i − ρek,i . (2.34)

The tuning parameter ρ should be chosen such that 0 ≤ ρ < 1. Intuitively, the control
goal is now reduced to driving sk to zero and exploiting the fact that the desired error
dynamics are achieved when sk = 0. The index i corresponds to the line segment that is
closest to the µAUV position at timestep k.

Formally, RHSC minimizes sk over an N -step prediction horizon. For convenience, we
define

Sk+1 =
[
sk+1 sk+2 . . . sk+N

]>
. (2.35)

Likewise, the state and control vector sequences are abbreviated as follows:

Ξk =
[
ξk ξk+1 · · · ξk+N+1

]>
, (2.36)

U k =
[
uk uk+1 · · · uk+N

]>
. (2.37)

The explicit form of the minimization problem that the RHSC solves at every subsequent
sampling-instant reads as follows:

min
Ξk,U k

‖Sk+1‖22 (2.38)

s. t. ξj+1 = fd(ξi,uj), j = k, . . . , k +N ,

ulb ≤ uj ≤ uub, j = k, . . . , k +N ,

ξk = ξ(kTs) .

The problem is subject to the system dynamics and input constraints. Lower and upper
bounds on the control actions are denoted by ulb and uub. The problem is initialized
with the current state that we assume to be measurable, albeit being noisy. After solving
(2.38), the first element of the solution sequence is applied to the AUV. The problem is
repeatedly solved in each sampling-instant.
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2.4.3 Simulations

The control system performance is demonstrated in numerical simulations. The sampling
time of the RHSC is set to Ts = 100ms and the prediction horizon length is N = 8

steps. The path is defined in R3 by waypoints connected with line segments. The RHSC
is analyzed in two different scenarios. In the first, ideal scenario, the controller has access
to the exact model parameters. In the second, realistic scenario, the controller model
differs significantly from the simulated µAUV. The hydrodynamic added Coriolis matrix
CA vanishes and the hydrodynamic damping DA has an error of 50%. Furthermore, the
position measurement is corrupted by zero-mean white Gaussian measurement noise with
a standard deviation of 0.2m which is a realistic assumption in confined environments
[19]. Also, no actuator constraints apply in the ideal case, while we impose hard actuator
limits in the realistic case. A sample path is defined by five waypoints A, B, C, D, E whose
coordinates are summarized in Table 2.1.

Table 2.1: Waypoint coordinates for simulation scenarios.

Waypoint Coordinates
A (1, 1, 0)

B (9, 9, 0)

C (10, 10, 4)

D (17, 10, 5)

E (18, 9, 8)

The µAUV starts at rest at the initial position r0 = [1 0 0]>. The obtained path following
results are presented in Figs. 2.8 – 2.11 . Figure 2.8 illustrates the path following per-
formances for the ideal (a) and the realistic case (b). The deviations from the path are
smaller for the ideal case, as expected. Also, in the realistic scenario, the µAUV converges
to the desired path. This is confirmed by Fig. 2.9 where the cross-track error as a function
of time is shown for both scenarios. The cross-track error does not exceed 0.4m in the
realistic case. This magnitude of the cross-track error is usually sufficient for monitoring
and exploration in terms of associating meauserement locations with measurements. How-
ever, if obstacles are a problem, waypoint planning needs to be conservative to consider
possible path deviations. Note that spiking of the cross-track error cannot be avoided be-
cause the path is defined by points connected with line segments and the cross-track error
is computed with regard to line segments. This is a direct consequence of the approxi-
mating path following approach, for which the vehicle trajectory does not pass through
the waypoints because it is non-smooth.
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(b) Realistic scenario.

Figure 2.8: Simulated position of µAUV’s center of mass and the desired path defined
by waypoints in 3-D. The top subfigure illustrates path following results without mea-
surement noise, without actuator saturation, and with exact knowledge of the dynamical
model for the controller design. The bottom subfigure shows results of the realistic case
for which measurement noise, actuator saturation, and wrong assumptions of hydrody-
namic added mass and of damping were included. The initial vehicle position at rest is
r0 = [1 0 0]>.
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Figure 2.9: Cross-track error for ideal and realistic simulation scenarios.

Figure 2.10 shows the yaw and pitch moments. In the ideal case, the actuator signals spike
in proximity to the waypoints in order to enable a quick direction change of the µAUV
to converge to a new line segment. In the realistic case, actuator limitations are imposed
and the moments are applied to the µAUV saturate. It is evident that the actuator
signals exhibit noise due to noise in the position signal. The roll angle is shown in Fig.
2.11. With realistic conditions, the roll angle stabilization is worse than in the ideal case.
The presented results were obtained on a Quadcore-CPU with 2.66GHz and 8GB RAM,
where the simulation including the RHSC routine runs twice as fast as real-time. Hence,
the RHSC is computationally feasible for µAUVs.

2.5 Summary

This chapter presented the mechatronic design, dynamics, and controls development of the
HippoCampus µAUV. HippoCampus is designed for operations in confined environments.
The dynamics of HippoCampus have been analyzed, and it was shown that, under certain
assumptions, the design renders differential flatness. Based on the dynamical analysis, a
nonlinear geometric trajectory tracking control law has been proposed. The control law
does not make the simplification that rotation states evolve in Euclidean space. In an
experiment HippoCampus tracked a circular trajectory. A second control law has been
introduced for path following, which is based on the RHSC approach [27]. Simulations
were conducted to analyze the performance in terms of uncertainties for non-smooth
paths, resulting in robust path following under realistic conditions.
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(b) Realistic scenario.

Figure 2.10: Heave and yaw moments applied to µAUV in path following. The top sub-
figure illustrates the actuator commands for the ideal case where no actuator saturation
applies. The bottom subfigure shows actuator moments in the realistic case where actua-
tor saturation occurs. The noise in the actuator signal is due to the position measurement
noise.
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Figure 2.11: Roll angle for ideal and realistic path following scenarios.
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Underwater Environments

Localization is the key capability of mobile robotic systems for performing tasks such as
exploration and monitoring. This chapter presents self-localization methods for µAUVs
in confined underwater environments. The unique requirements for such systems are pro-
vided. Moreover, the principles of spherical and hyperbolic localization are explained.
Submerged µAUVs cannot use most of the self-localization techniques that are commonly
used for other mobile robots, such as GPS and vision based systems. This chapter intro-
duces two underwater localization frameworks that fulfill the low cost and compact form
factor requirements. The first approach is a hyperbolic acoustic method based on differ-
ences of signal time of flights. The second approach is a spherical localization method
based on the attenuation of electro-magnetic waves. Both approaches are evaluated in
experimental proof of concepts.

3.1 Spherical and Hyperbolic Localization

This section covers specifications of underwater localization for µAUVs and introduces
suitable methods. Desirable specifications of µAUV localization systems should include,
besides being low cost and compact, on-board processing capabilities and passivity. On-
board processing ensures that the position estimation is computed at the µAUV itself.
With on-board localization, communicating externally computed position information
through water is not required. This is advantageous because communication in liquids
always introduces latencies and information losses. Passivity of a localization system al-
lows to scale self-localization to large fleets. It implies that the signal processing is not
affected by the number of robots performing localization. This can be achieved with am-
bient one-way reference signals that are transmitted to the µAUVs. Thereby, anchored
reference beacons with known positions are required to obtain passivity and on-board
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processing for localization. Spherical and hyperbolic localization principles are the most
common approaches for beacon based localization. The spherical approach uses the ranges
between beacons and the receivers for localization, whereas the hyperbolic approach uses
the differences of ranges instead of the ranges themselves. Obtaining range differences is
easier than obtaining ranges themselves, however results are less accurate. The following
subsections details the two aforementioned approaches.

3.1.1 Spherical Localization

Spherical self-localization can be decomposed into two sub-problems: (1) Range estimation
from receiver to beacons. (2) Fusion of estimated ranges to obtain the receiver position.

For range estimation, the receiver determines ranges to the beacons by measuring either
the time of flight or the strength of the signal that is transmitted by the beacons. The time
of flight can only be determined if clocks between receiver and beacons are synchronized.
There are two common ways of clock synchronization: clocks can use continuous com-
munication to stay synchronized or they are synchronized prior to deployment without
further interaction. In underwater settings, communication-based clock synchronization is
difficult to implement because underwater communication is unreliable. Initial one-time
synchronization prior to deployment is often also not feasible because the free-run drift
of off-the-shelf real-time clocks (RTCs) is usually around 2 ppm, which corresponds to a
positioning drift error of 3mm per second. This is too high for operations in confined en-
vironments. In principle, customized synchronous-clock systems with higher performance
and with the free-run drift being sufficiently small can be developed. For µAUVs, this is
not feasible either because such clocks do not meet typical size and cost requirements.
Range estimation based on reference signal strength, however, does not require clock
synchronisation.

The problem of spherical self-localization can be formulated as follows. Consider N bea-
cons located at known positions, with the i-th beacon being at position ri. The receiver
has the unknown position p. The range between the receiver and the i-th beacon can be
expressed by

Ri = ‖p− ri‖ , (3.1)

which is the equation for a sphere that is centered at the location of the i-th beacon ri.
In the horizontal plane, the spheres reduce to circles. The intersection of all spheres is
the receiver position of interest p. Consequently, the receiver’s position can be derived
from geometrical relationships if the beacon locations are known and the ranges Ri can
be estimated, as illustrated in Fig. 3.1. However, the spheres in general do not intersect
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r1

r3

r2

pR1

R3

R2

Figure 3.1: Spherical localization for determining the receiver position p at the intersection
of circles (in 2-D) or spheres (in 3-D) with radii Ri. The positions of the beacons are
denoted by r1, r2 and r3.

due to uncertainty in the measurement model and noise. The intersection point has to
be estimated from measurements by applying curve fitting techniques or Bayesian filter-
ing methods. The latter are prefered because they compute continuous updates. Typical
Bayesian filtering methods in the context of localization are extended Kalman filters
(EKFs) and particle filters (PFs). In order for a receiver to self-localize in n dimensions,
it requires range estimations to at least n+1 beacons. It can be shown that spherical po-
sitioning systems offer higher accuracy than hyperbolic systems in terms of Cramér-Rao
bounds [9].

3.1.2 Hyperbolic Localization

Similar to spherical localization, hyperbolic localization approaches deploy anchored bea-
cons as well, which emit ambient signals. However, unlike in spherical localization, the
range between a single beacon and the receiver is not determined. Instead, range differ-
ences are estimated through measurements. Consider beacons i and j located at positions
ri and rj, respectively. The receiver is located at the unknown position p. The range
difference ∆Ri,j = Rj − Ri can be expressed with the receiver position p and the known
beacon positions ri and rj:

∆Ri,j = ‖p− rj‖ − ‖p− ri‖ . (3.2)
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Figure 3.2 illustrates the geometric solutions of (3.2) for three beacons and two range
differences ∆R1,2 and ∆R1,3. The hyperbolas ρ1,2 and ρ1,3 are determined from range
differences corresponding to pairs of beacons. The intersection of the hyperbolas is the
receiver position. Similar to spherical localization, the hyperbolas in general do not in-
tersect due to noise, and uncertainty in model and an estimation procedure for fitting or
fusion is required.

R1 R2

R3

r1

r3

r2

MN

ρ1,3

ρ1,2

p

Figure 3.2: Hyperbolic localization for determining receiver’s unknown position p at the
intersection of hyperbolas ρ1,2 and ρ1,3. The hyperbolas are solutions of (3.2) and depend
on pairwise differences of ranges R1, R2, and R3. The beacon positions are denoted by r1,
r2 and r3.

3.2 Hyperbolic Acoustic One-Way Localization

This section presents an acoustic hyperbolic self-localization system. Anchored beacons
emit acoustic signals, and the receiver measures differences in time delays of arrival
(TDOAs) in those acoustic signals. The TDOA τi,j associated with two beacons i and
j can be related to the range difference ∆Ri,j through the known speed of sound csound,
and (3.2) is restated as

τ̄i,j =
‖p− ri‖ − ‖p− rj‖

csound
. (3.3)

This setup allows for the receiver to determine its position p.
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3.2.1 Methodology

The one-way hyperbolic localization framework includes two parts. First, the TDOAs for
acoustic sequences (left-hand side of (3.3)) are determined via cross-correlation. Second,
an unambiguous solution of the nonlinear hyperbolic equation (3.3) is estimated with an
EKF, which is the estimation of the receiver’s position. In general, the performance of
hyperbolic localization quickly degrades outside the convex hull spanned by the beacons
[9, 40]. In order to avoid this, localization is only performed within the convex hull.

The anchored beacons successively and repeatedly transmit acoustic signals of duration
tsignal. The beacons do not send signals simultaneously. This is achieved with communica-
tion between the beacons and a coordinating unit. Hence the receiver observes only one
signal at a time. The receiver does not require any prior knowledge about the signal other
than its duration. Time delays of arrival are directly computed by cross-correlating two re-
ceived signals. This is an advantage compared to systems which cross-correlate a received
signal with an a priori saved signal because signals are modified through the transmission
channel, degrading the cross-correlation result. Another advantage of one-way hyperbolic
localization is the fact that synchronization between beacons and receiver is not required.
The beacons’ sending cycle and the receiver’s recording loop (including computational
overhead) have to repeat within a periodic duration of tsignal, which is within the timing
tolerance of off-the-shelf RTCs at drift rates of 20 ppm. The receiver also requires knowl-
edge about the sending sequence of the beacons. Since the sending sequence is established
prior to operations, this information can be included on the receiver side.

Figure 3.3 illustrates the overall system for four beacons in a circular sending sequence.
The beacons and the receiver are linked by the acoustic transmission channel, air and/or
water. Every recording cycle, a new TDOA τi,j is determined and an EKF update is per-
formed on the receiver side. The TDOAs are computed by cross-correlating the received
signal from beacon i with the received signal from beacon j. Consider signal s(t) sent
by beacon i and a time shifted version of the signal s(t + ∆t) sent by beacon j. Both
signals propagate through a noise corrupted channel and are sampled by the receiver.
The resulting discrete-time signals read si(n) and sj(n+m), where n and m are integers.
The cross-correlation function

ri,j(m) =
∞∑

n=−∞

si(n) sj(n+m) (3.4)

is a measure of similarity. It is maximized for the shift m, where both signals have the
largest similarity. This value is equivalent to the TDOA between beacon i and j:

τi,j = argmax
m

ri,j(m). (3.5)

39



3.2. HYPERBOLIC ACOUSTIC ONE-WAY LOCALIZATION

beacon 1

beacon 4

tsignal1

2

3

4

time

xcorr(sn+1, sn)

sn sn+1 sn+2 sn+3

τ2,1(k) τ3,2(k + 1) τ4,3(k + 2) τ1,4(k + 3)

s(t)

TDOA
rejection

p̂(k), P̂ (k)

acoustic transmission channel

s(t)

s(t)

s(t)

position
estimate p̂, P̂

EKFEKF EKF EKF

p̂(k + 1), P̂ (k + 1) p̂(k + 2), P̂ (k + 2) p̂(k + 3), P̂ (k + 3)

xcorr(sn+2, sn+1) xcorr(sn+3, sn+2)xcorr(sn, sn−1)

beacon 2

beacon 3

beacon no.

receiver

tc

air, water

true position

Figure 3.3: State estimation cycle illustrated for four beacons sending consecutively in a
circular sequence. Each beacon sends a signal s(t). After passing the propagation channel,
the signal is sampled by the receiver. Received signals (in blue) are shifted because of
differing time of flights from beacons to receiver. The received signal is cross-correlated
with the previously received signal, and the peak is determined to estimate the TDOA.
The TDOA passes the rejection algorithm and is fed to the EKF, which computes a new
position estimate.
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The system determines confidence intervals based on previous TDOAs. With this data,
estimated TDOAs are rejected if they do not fall within a confidence interval.

The TDOA measurements τ are processed by an EKF algorithm to estimate the position
state vector p. They are directly included into the observation vector

τ = [τ2,1 · · · τi,j · · · τ1,N ]> ∼ N (τ̄ , C) , (3.6)

where C is the measurement covariance matrix and N the normal distribution. This
approach allows for tightly coupled sensor fusion with an IMU or a pressure sensor. By
using a Bayesian approach, the loss of one or more TDOAs still results in a position update
along a hyperbola. This allows for optimal utilization of the available information. It also
improves the system robustness because glitches in the acoustic measurement system can
be treated in a systematic way.

For the following EKF equations superscripts (−) and (+) denote a value gained in the
filter prediction and in the filter update step, respectively.

The receiver’s state dynamics are set to a random walk. Thus, the process equation at
time step k reads

p(k) = p(k − 1) +w(k) . (3.7)

The process noise vector w is assumed to be zero-mean Gaussian white noise with co-
variance matrix Q. The non-linear measurement function τ̄ (p) (3.3) defines a vector of
TDOA mean values as functions of the receiver position. The EKF requires the Jacobian
Jµ(k) of τ̄ (p), which consists of the derivatives h>

i,j(k) of (3.3):

h>
i,j(k) = ∇p τ̄i,j(p(k)) =

1

csound
·
[
p− ri

|p− ri|
− p− rj

|p− rj|

]>
p=p̂(−)

(k)

, (3.8)

Jµ(k) =
[
h>

2,1(k) · · · h>
i,j(k) · · · h>

1,N(k)
]>

. (3.9)

The predicted position state is

p̂(−)(k) = p̂(+)(k − 1) +w(k) (3.10)

and its covariance reads
P̂

(−)
(k) = P̂

(+)
(k − 1) +Q. (3.11)

The innovation and the innovation covariance are computed as

κ(k) = τ (k)− τ̄ (p̂(−)(k)) (3.12)

and
S(k) = Jµ(k)P̂

(−)
(k)J>

µ (k) +C(k) (3.13)
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respectively.

The Kalman gain
K(k) = P̂

(−)
(k)Jµ(k)S

−1(k) (3.14)

allows to compute the state update

p̂(+)(k) = p̂(−)(k) +K(k)κ(k) (3.15)

and the covariance update

P̂
(+)

(k) = (I −K(k)J(k)) P̂
(−)

(k) . (3.16)

3.2.2 Experimental Validation

This section shows experimental validation of the presented hyperbolic acoustic localiza-
tion method. The setup consists of a receiver and four acoustic beacons as depicted in Fig.
3.3. A MEMS microphone (ADMP401) serves as the receiver in this setup. It provides an
analog voltage to an A/D converter front-end circuitry, which consists of an active am-
plifier and a second-order high-pass filter. Phase-shifts introduced by band-pass filtering
do not influence the localization algorithm because they apply to all received signals and
cancel out when computing TDOAs. The software runs on a microcontroller board with
72MHz Cortex M4 CPU, 64KB RAM, 256 KB flash memory. The built-in A/D converter
samples the receiver signals as 16bit words with up to 400 kHz. The hardware is compact
enough to fit into a µAUV.

The embedded software samples the acoustic signal, whereby one loop has a duration of
tsignal. After sampling, the cross-correlation is computed for two consecutively received
signals and its maximum is determined. For example, if the receiver has exactly the same
distance to two beacons, the cross-correlation will indicate a signal shift of m = 0ms.
This is equivalent to a vanishing TDOA. Precise loop timing is only required for always
two consecutive loops, which is feasible with off-the-shelf RTCs. This is an advantage
over other existing systems. However, latencies in the signal processing steps before cross-
correlation should be very small because the signals do not contain time-stamps. Latencies
of more than a few microseconds propagate into large position errors. Low latencies can be
achieved with service interrupt routines in combination with a circular buffer and direct
memory access.

The cross-correlation ri,j of two received consecutive signals si and sj can be computed
with fast Fourier transforms (FFTs) and inverse fast Fourier transforms (IFFTs) by

ri,j = IFFT(conj(FFT(si) · FFT(sj))). (3.17)
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This is a memory and computationally intensive operation. We can accelerate the com-
putation by exploiting the fact that the sequences si and sj are real-valued. For this case
the two FFTs can be computed with the cost of one FFT.

The robustness of the localization system depends on the chosen acoustic reference signal
s(t). In the system presented in this section, a time domain realization of wideband colored
noise centered at 10 kHz is chosen. This signal offers a wide bandwidth and possesses a
unique time shift, unlike sinusoidal signals. Chirp signals are another possible signal type.
Second, the duration tsignal of the emitted signal must be taken into account to ensure
robustness. The robustness scales with the number of sampling points P because more
sampling points result in a more defined cross-correlation, and therefore better TDOA
results. The amount of sampling points P can be linked to the time duration of the signal
tsignal by P = f tsignal, where f is the sampling frequency. However, the signal duration
tsignal depends on the application. For stationary applications, larger tsignal values can be
chosen than for applications with fast moving receivers. The receiver’s sampling frequency
f is determined by the required spatial resolution. For a speed of sound csound and a
sampling frequency f , the maximum round-off error is er = csound

f
, which for f = 50 kHz

corresponds to er,air = 7mm in air and to er,water = 35mm in water.

Experimental Results

A MEMS receiver is fixed to a two dimensional gantry, which is mounted on top of a test
tank. Trajectories with small length scales O(0.1m) are chosen to verify the accuracy of
the localization system and the associated challenges. The speed of sound is the main
physical parameter for position error magnitude, and it remains constant for all scales. In
general, trajectories on larger length scales will yield similar absolute errors, resulting in
smaller relative errors.

Experimental Setup

Four off-the-shelf, full range speakers are used in the experiments. Two of them are in-
stalled in two corners of the test tank. The other two speakers are installed so that the
four speakers span a square of side length l = 1.84m. Experiments are performed in water
and air. While the system was primarily developed for water application, it can also be
used in other applications for GPS-denied localization outside of water. For experiments
in air, the speakers are installed above the water surface, and for underwater experiments,
the speakers are submerged 30 cm below the water surface with a water depth of 1m. A
MEMS receiver is routed by the gantry along a rectangular trajectory within the convex
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hull spanned by the speakers. A colored noise time series of duration tsignal = 75ms is
generated from a JONSWAP (JOint North Sea WAve Project) spectrum with peak fre-
quency at 10 kHz and is emitted by the speakers. Hence, every 75ms, a new TDOA is
available for the EKF to perform an update.

Experiments in Air

The sampling rate of the A/D converter is set to 47 kHz. The velocity of the receiver is
chosen such that 2, 700 TDOAs are captured in 180 s. Figure 3.4 illustrates the position
estimation in the horizontal plane and Fig. 3.5 illustrates the corresponding TDOAs after
TDOA rejection. The estimated trajectory is a rectangle, and most errors do not exceed
5 cm. Figure 3.5 exemplifies the required TDOA accuracy in order to track such a small
scale trajectory. Most TDOAs vary between −1ms and 1ms and can be determined
accurately by the system. Between 110 s and 120 s, many ill-measured TDOAs τ2,1 and
τ1,4 are rejected. This explains the gap in the estimated trajectory between x = 1m and
x = 0.8m, y = 1.1m.
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Figure 3.4: Position estimates in air (blue markers) are computed by an EKF from TDOAs,
which are determined from acoustic measurements. The receiver moves counterclockwise
(red line) with starting and end points depicted by the red square.
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Figure 3.5: Captured TDOAs between the four consecutive speakers. The TDOAs are
inputs to the EKF for position estimation.

Experiments in Water

For the experiments in water, the sampling rate of the A/D converter is increased to
117 kHz to account for the higher speed of sound in water. Fewer TDOAs are recorded,
because the duration of the experiments is shorter. Figure 3.6 illustrates the estimated
position of the receiver. The underwater experimental results show that the receiver po-
sition estimate tracks its actual position, within 10 cm error bounds in most cases. This
is an acceptable performance for many applications in monitoring and exploration. This
experiment shows that errors are larger in water than in air. The main factors contribut-
ing to the inferior performance of the in-water experiments is most likely reverberation in
the confined tank. This effect can be minimized by using a larger tank, or by deploying
blind dereverberation signal processing techniques [57].

3.3 EM-based Spherical Localization

Spherical localization requires range estimations between receiver and beacons. The at-
tenuation of electro-magnetic waves in liquids can be used to determine the range. This
section extends the localization framework introduced in [63, 64, 65, 66] to the µAUV do-
main. Beacons at known positions emit electro-magnetic waves of constant known power,
and at unique frequencies. The receiver measures the superposed signal and determines
the signal strengths at different frequencies.
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Figure 3.6: Position estimates in water (blue markers) are computed by an EKF from
TDOAs, which are determined from acoustic measurements in a test tank at 30 cm water
depth. The receiver moves counterclockwise (red line) with starting and end points de-
picted by the red square. For larger trajectories, the absolute error is expected to stay in
the sub-decimeter range.

3.3.1 Underwater Range Sensor Model

The underwater range sensor model (URSM) describes the path loss attenuation as a
function of distance [63]. The beacons transmit an EM signal of constant known power
and the RSS is measured at the receiver position. Based on the RSS, the URSM provides
a range estimation between receiver and beacons. In air, the attenuation rate of EM waves
is small over distance. This leads to large fluctuations in the RSS due to reverberation
and interference. In contrast, EM waves in water attenuate quickly with distance. Since
disturbing effects such as reverberation or interference are less pronounced underwater,
the principle of attenuating EM waves can be reliably used to estimate the distance from
an EM transmitter to a receiver underwater.

In order to map RSS values to range estimates, several techniques have been proposed
in literature. In air, the sensor model relies on the Friis transmission formula, which is
commonly used to calculate ranges for a measured received signal strength. However,
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this model needs to be modified to consider medium parameters such as temperature and
conductivity. Park et al. [63, 66] developed an EM wave attenuation model for underwater
environments. This model is a modified version of the Friis transmission formula which
takes the attenuation constant α of the plane wave equation into account. The difference
between the EM wave power on the receiver side SR and on the transmitter side ST is
defined as RSS. The RSS as a function of the range Ri between the receiver unit and the
i-th beacon reads

RSSi = SR,i − ST,i = −20 log10Ri − 20Ri αi log10 e + Γi , (3.18)

where Γi is an offset factor representing antenna and environmental influences. RSS,
SR,i and ST,i are given in dBm The parameters αi and Γi can be calculated explicitly
if the polarization loss factor, the transmitting and receiving antenna gains, and the
attenuation factor are known. In [63], these parameters are derived for an underwater test
tank environment, and the resulting model is validated with experimental data. In this
chapter, the model parameters are computed from spatially distributed RSS measurements
by fitting (3.18) with non-linear least-squares.

3.3.2 Signal Identification using Channel Allocation

Localization within a horizontal plane requires at least three beacons. An important aspect
in RSS-based spherical localization is that the receiver has to assign the RSS values to
the respective emitting beacons. In principle, a receiver can identify the signal source
by time scheduling [17]. However, this requires clock synchronization, which is usually a
challenging task for underwater applications as discussed before.

An alternative approach for beacon identification is channel assignment, which is deployed
in [64, 65, 66]. Here, each beacon sends an EM signal at a unique frequency. The resulting
superposed signal is then measured by the receiver. By applying an FFT on the receiver
side, each RSS can be allocated to the respective beacon. This technique increases the
update rate significantly because beacons can transmit their signals simultaneously and do
not need to wait for a scheduled time. Moreover, the FFT provides access to all RSS values
in each cycle. This is shown in Fig. 3.7 for two beacons with different emitting frequencies.
The prior knowledge about the beacons’ frequencies allows the system to allocate the
determined RSS values to the beacons. By using the URSM, the range between each
beacon and the receiver can be determined.
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Figure 3.7: Identification of two beacons transmitting at 432.6MHz and 433.0MHz, re-
spectively. The receiver unit identifies the beacons and corresponding RSS values by de-
termining the frequencies and peak values.

3.3.3 Cramér-Rao Lower Bound

The mobile receiver unit computes its ranges to the beacons by using the measurements of
the RSS values on different channels. The ranges are then fused to estimate the receiver’s
position, that is, with a Bayesian filter such as EKF or PF.

As a measure for the achievable accuracy of the localization system, the Cramér-Rao
lower bound (CRLB) can be computed to express a lower bound on the variance of the
estimated receiver position. The CRLB is the inverse Fisher information matrix F−1. In
order to compute the CRLB, define a mean vector of received signal strengths

τ̄RSS = [RSS1 RSS2 · · · RSSN ]
> . (3.19)

We assume the noisy signal strength measurements to be zero-mean Gaussian with co-
variance matrix C = diag(σRSS,i(Ri)). They are combined in the vector

τ ∼ N (τ̄RSS, C) . (3.20)

The Fisher information matrix F ∈ Rn,m has the elements

Fm,n =
∂τ̄>

RSS

∂pm
C−1∂τ̄RSS

∂pn
+ tr

(
C−1 ∂C

∂pn
C−1 ∂C

∂pm

)
. (3.21)

The two dimensional localization case yields pm = x and pn = y.

The CRLB for a localization scenario with four emitting beacons are illustrated qualita-
tively in Fig. 3.8. Thereby, the covariance σRSS,i(Ri) is modelled as a linearly increasing
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function of the range to the i-th beacon. The CRLB indicate that the lowest position
estimation covariance lies within the convex hull spanned by the beacons. Outside the
convex hull, the variance of the localization estimate increases.
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Figure 3.8: Normalized CRLBs plot for a linearly increasing measurement covariance
function. Black markers depict the beacons.

3.3.4 Extended Kalman and Particle Filtering

Similar to hyperbolic acoustic localization of the previos section, the position vector p can
be estimated with an EKF from the measurement vector τ . The equations (3.10) – (3.16)
remain the same including the random walk model (3.7). The Jacobian differs, however.
The non-linear measurement function τ̄RSS(p) (3.19) defines a vector of RSS mean values
as functions of the receiver position. The components RSSi introduced by the URSM in
(3.18) are updated by RSS measurements (3.20). The Jacobian Jµ(k) of τ̄RSS(p) consists
of the derivatives h>

i (k) of (3.18):

h>
i (k) = ∇p RSSi(p(k))

=

[
− 20

ln 10 · ‖p(k)− ri‖2
· [p(k)− ri]

> − 20αi log10 e
[p(k)− ri]

>

‖p(k)− ri‖

]
p=p̂(−)

(k)

,

(3.22)

Jµ(k) =
[
h>

1 (k) · · · h>
N(k)

]>
. (3.23)

As an alternative to the EKF, a PF can be used to estimate the position from the measured
signal strengths (3.20). Particle filters (also referred to as sequential Monte Carlo filters)
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perform better than EKFs if the problem variance is large and the measurement model is
highly non-linear [78]. The sampling importance resampling (SIR) PF [22] can be applied
in the context of spherical localization.

The distribution of the receiver position is approximated by a particle set consisting of
M particles

{
p[m](k)

}
indexed by the integer m. In addition, the particles are associated

with weights w[m](k), which indicate the importance of each particle. The weights are
positive and are enforced to sum up to unity, that is,

∑M
m=1w

[m] = 1.

At time step k, a temporary particle set
{
p̃[m](k)

}
is created from the particle set of the

previous time step k − 1 according to the random walk model

p̃[m](k) = p[m](k − 1) +w(k) . (3.24)

The unnormalized weight w[m]
u (k) is computed as the probability of the measurement τ (k)

for particle p̃[m](k):

w[m]
u (k) = N (τ (k) | τ̄RSS(p̃

[m](k)), C) . (3.25)

Appendix A provides a brief overview of the fundamental probability concepts. In order to
avoid particle degeneration, the temporary particle set is resampled. The weights wu are
normalized to sum up to unity, and all particles are drawn with replacement p[m](k) ∼{
p̃[i](k)

}
with probability ∝ w[i](k), i = 1, . . . ,M . The position estimate p̂(k) can be

obtained by averaging the resampled particles set

p̂(k) =
1

M

M∑
m=1

p[m](k) . (3.26)

3.3.5 System Setup

The system consists of hardware components and embedded software. The beacons are
anchored underwater and emit ambient EM signals. The signal generating unit of each
beacon is a custom-made circuit board with a RadiometrixTM USX2 multi-channel half-
duplex UHF transceiver operating in the 433MHz band. In order to spatially fix the
beacon configuration, they are arranged as an array on a frame. This allows placing the
localization systems at almost any desired position in the work space. Figure 3.9 shows a
submerged array of four beacons and a detailed photo of a single beacon.

The mobile receiver unit consists of an underwater antenna, a modified DVB-T dongle
capable of computing a power spectrum density, and a single board computer (SBC).
The major design criteria for the module are size and cost, as it has to fit inside space
constrained µAUVs such as HippoCampus.
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Figure 3.9: Submerged rack with four beacons. Each beacon continuously emits an EM
signal at a unique frequency.

The mobile receiver unit carries out two main tasks. (1) It calculates real time RSS values
based on the URSM. (2) It computes its position from the RSS values. The DVB-T dongle
is used to digitize a segment of the EM spectrum as in-phase/quadrature (I/Q) samples.
In order to drive the DVB-T dongle and to perform the RSS localization tasks, the SBC
requests I/Q samples from the DVB-T dongle and computes the power density spectrum.
The RSS values of the transmitter channels can be extracted from the spectrum and are
used for range estimation.

Since the beacons transmit signals at different frequencies, a power density spectrum of
the received signal has to be computed to determine the RSS values and to identify the
corresponding beacons. In [63, 64, 65, 66, 36], a full-fledged spectrum analyzer is used,
which is not deployable on µAUVs. In this section, a NooElecTM NESDR Mini DVB-T
device is chosen to address the problem. It processes signal sequences received through
an antenna within a range of 24−1,700 MHz. After demodulation and analog digital con-
version (ADC), it transmits them via an USB interface to the SBC. The exploitation of
the DVB-T dongle allows to bring EM-based localization to the µAUV domain. The core
elements of the DVB-T dongle are the tuner and the demodulator. The integrated circuit
tuner of the DVB-T dongle is an R820 chip. It receives analog EM signals, amplifies them,
and performs bandpass filtering. Then, it downconverts the signal to a lower intermediate
frequency (sub-sampling). This allows the subsequent 8 bit-ADC to sample at a much
lower sampling rate than the carrier frequency of the incoming analog RF signal. The
demodulator, a RTL2832U chip, contains the ADC and encodes the signal to I/Q sam-
ples via coded orthogonal frequency division multiplexing (COFDM). The I/Q samples
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are then processed by the SBC for spectrum analysis and RSS estimation. The maximum
sampling rate of the demodulator is 3.2MS/s.

3.3.6 Experimental Validation

In this section, experimental results validating the feasibility and performance of the
embedded RF localization system in water are presented. Localization results for static
position hold and dynamic position estimation along trajectories are shown.

The experimental setup and the performed experiments are shown in Fig. 3.10. Four EM
beacons are deployed in the experimental tank. In Fig. 3.10b, the dashed lines refer to
the receiver unit trajectories and the stars refer to the static positions. The conductivity
of the water amounts to approximately 0.031 S

m .

The four beacons transmit EM signals at 433.90MHz, 434.05MHz, 434.20MHz,
434.35MHz. The receiver unit is mounted to a horizontal movable gantry unit with a
workspace of 3m by 1.6 m. This allows moving the receiver unit along pre-programmed
trajectories and take signal strength measurements with arbitrary high geometric resolu-
tion.

During static measurements, the localization system is able to reach sampling frequencies
of 20 Hz. For dynamic measurements, the sampling frequency is approximately 4.5Hz.
This is mainly due to the long response time of the gantry position encoder. It is worth
mentioning that the sampling frequency is independent of the number of emitting beacons,
since the algorithm executes an FFT for the relevant part of the power density spectrum,
including all transceiving frequencies of the beacons.

The RSS data can be used to validate the URSM (3.18) introduced by [63]. The measured
data presented in Fig. 3.11 is used to fit αi and Γi of (3.18). Figure 3.11 illustrates
the measured RSS values as a function of distance for a single frequency and the fitted
URSM. The data corresponds to the analytical model, whereby the scattering increases
with distance. Moreover, the measurements deviate from the URSM in direct vicinity of
the emitting beacon. This effect is due to a vertical offset between the beacons’ horizontal
transmission plane and the receiver node.

Static Position Estimation

For the static position estimation experiment, ten positions with known ground truths
are chosen. The receiver unit is placed at those positions, and the receiver positions are
estimated with the localization system. Figure 3.12 shows the experimental results for
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(a) Photo of experimental tank.
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(b) Schematic of experiments.

Figure 3.10: Experimental setup to validate the embedded EM localization system.
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Figure 3.11: Underwater range sensor model and RSS measurements.
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those positions, where the estimation is performed with a PF and M = 1, 000 particles.
While Park et al. [64] report root-mean-square errors between 1mm and 2mm for their
original method, the errors in Fig. 3.12 are an order of magnitude higher. This is because
data processing capabilities of the DVB-T dongle are inferior to the analyzing hardware
in [64]. Another reason for the degraded performance are reflections in the experimental
tank. The points in proximity to the tank walls (points 1, 2, 8, and 9) show systematic
biases due to reflections, whereas results for points further away (points 3 and 4) are more
accurate. Despite their biases, all measurements show rather small variances. This justifies
the assumption that the deviations mainly result from the reflections and are thus caused
by the characteristics of the small test basin.
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Figure 3.12: Static receiver self-localization at ten different positions. A PF with 1,000
particles merges the measurements.

Dynamic Position Estimation

In the final experiment, the receiver unit is moved along two different rectangular tra-
jectories similar to the one in [64], albeit smaller. The first trajectory lies completely in
the convex hull spanned by the beacons. The second trajectory lies outside of the convex
hull. The results for the two trajectories are shown in Fig. 3.13 and Fig. 3.14. For each
trajectory, an EKF and a PF are used to fuse the RSS values for position estimation. The
ground truths and the estimated positions of the receiver are shown in Fig. 3.13a and
Fig. 3.13b for the inner rectangle and in Fig. 3.14a and Fig. 3.14b for the outer rectangle.
The RSS measurements at the four distinct frequencies are illustrated in Fig. 3.15a and
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Fig. 3.15b. As detailed above, the results are less accurate than the ones reported in [64].
However, for most µAUV applications in confined test tanks, these localization errors are
acceptable, especially given the compact size and cost of the system.

The estimated positions are compared against ground truth, and the RSS measurements
are assigned to corresponding gantry positions. The RSS values in Fig. 3.15a and Fig.
3.15b exhibit discontinuities at time steps 100 and 300, respectively. At these points, the
gantry did not provide ground truth data, and the RSS measurements were rejected for
several consecutive time steps. Nevertheless, the system was able to recover the position as
soon as the RSS measurements became available again. This demonstrates the robustness
of the system.

3.4 Summary

This chapter covered the underwater self-localization problem that has to be solved for the
deployment of µAUVs. Two approaches were introduced that are suitable for µAUV self-
localization. One is TDOA-based hyperbolic localization, and the other is EM attenuation-
based spherical localization. Compared to state-of-the-art a relatively high accuracy of up
to 10 cm was achieved with the acoustic hyperbolic method. The second method based
on the attenuation of EM signals yielded even higher positioning accuracy. The presented
approaches are based on one-way signal transmission from anchored beacons to receiver.
This allows for scalability to large fleets because the localization results are not affected
by the number of receivers. For both methods hardware implementations were presented,
which are low cost and compact in size. Experimental results demonstrated the feasibility
of both localization concepts.
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(a) Sensor fusion via EKF.
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(b) Sensor fusion via PF.

Figure 3.13: Self-localization results along a rectangular trajectory within the convex hull
of the beacons. The receiver traverses the rectangle three times.
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(a) Sensor fusion via EKF.
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Figure 3.14: Self-localization results along a rectangular trajectory outside the convex hull
of the beacons. The receiver traverses the rectangle three times.
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Figure 3.15: RSS measurements at four frequencies for one turn of the receiver within and
outside the convex hull spanned by the beacons.
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This chapter proposes a high-level guidance control framework that allows µAUV fleets
to autonomously explore unknown environmental fields. The µAUVs seek information
to reduce uncertainty in their environmental fields knowledge. The fields of interest are
scalar concentration fields or flow fields. Flow fields interfere with the motion of the
µAUVs, whereas scalar concentration fields do not. The control laws that are introduced
in this chapter can be used to either directly compute control sequences or to provide
desired paths. For desired paths, the µAUVs can follow the paths with the low-level
controllers that were introduced in Chapter 2. The chapter proceeds with the problem
formulation and a solution approach based on stochastic optimal control. The stochastic
optimal control problem is solved by means of a path-integral (PI) formulation, whereby
a Gaussian Markov random field (GMRF) is deployed as a belief representation within
the controller. The performance of the resulting path integral Gaussian Markov random
field (PI-GMRF) controller is demonstrated in two simulation case studies.

4.1 Environmental Field Exploration Problem

Deploying µAUVs for autonomous information gathering requires an exploratory con-
troller. The first step for developing control laws is to formulate the control problem,
which follows from the overall operational objective. The problem of field exploration can
be stated within the information theoretic control framework, which covers applications
where information is directly coupled with motion.
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4.1.1 System Definition and Problem Formulation

Consider ns µAUVs. The i-th µAUV has the state ξi which describes its position, velocity,
orientation, and angular velocity in a global coordinate system in accordance to (2.2) –
(2.4) in Chapter 2. The equations of motion are restated here similarly to (2.26), however
with flow influence. The motion of each µAUV is governed by

ξ̇
i
= f(ξi) + χ(ξi) + ũi . (4.1)

The function f describes the state evolution and can represent models of different fidelity.
For path and trajectory planning, models based on particle dynamics are sufficient. How-
ever, rigid body dynamics are better suitable for the direct computation of control actions.
The flow field χ is assumed to be an additive force and acts as a disturbance on the µAUV
motion. The function ũi is the scaled control input and allows each µAUV’s control. A
control law defines the control input ũi. The µAUVs take noise corrupted measurements
zi of the scalar and the flow fields Freal at their respective positions. The object Freal

represents the environmental fields and maps positions in the domain of interest to field
values. The measurement model reads

zi ∼ g(Freal(ξ
i),vi) . (4.2)

The measurement noise vi ∼ N (0,Σz) is Gaussian zero-mean and uncorrelated. The
µAUV fleet collects measurements to infer the states of the fields. The estimate of the
true fields is denoted by F which represents the scalar concentration field and the flow
field.

The required behavior of the µAUVs consists of environmental observation, reasoning, and
acting upon the available information. An embedded representation of the environment
is introduced to this perception-action loop and is called belief. The idea is to allow the
µAUVs to utilize the belief for controls. A belief is the imagined state of the environment
and has to be derived from measurements. Belief representations can coincide with the
field estimate F , but they do not need to. The belief and the field estimate F fulfill differ-
ent purposes. In information gathering problems, belief representations are maintained for
closing the information loop in adaptive control. Hence, second order modes of the belief,
i. e. the covariance, are very important because they are associated with uncertainty. Com-
putational tractability is crucial for belief representations even at the expense of accuracy
because control actions need to be derived on-line. The field estimate F , however, is often
associated with the overall mission goal such as obtaining an accurate representation of
a concentration field, for example. Therefore, the field estimate only needs to represent
mean field values (first modes). Also, field estimate computations can be performed off-
board and even off-line after all measurements have been collected. Different modelling
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approaches can be chosen for belief and field estimate. Fast models are preferred for the
belief representation to allow online control. Computationally expensive models, such as
physics-based models provide high-fidelity estimates of the fields of interest, but are often
not feasible for on-line use. This chapter covers control laws for µAUV autonomy, with a
focus on embedded belief representations of fields. Field estimates are simply assumed to
be identical with the belief. Both, field estimates and belief are denoted by F . The terms
belief and estimate are used interchangeably in the remainder of this chapter.

The desired high-level behavior of a µAUV fleet consists of a continuous collection of
field measurements. They are used to update the internal belief F . Simultaneously, the
belief benefits the derivation of control sequences that in turn lead to a further belief
improvement. Figure 4.1 illustrates the decomposition of this exploratory behavior. The

Figure 4.1: A µAUV fleet’s high-level behavior in an environmental exploration mission.
The µAUVs observe the state of environmental fields. The measurements are used to
construct beliefs of the fields. The beliefs are required for the information theoretic control-
loop. The goal is to derive control sequences that ensure a continuous improvement of the
belief. Communication links among µAUVs allow for information exchange.

µAUVs are deployed in an environmental field where they can move, take measurements,
and communicate with each other. Each µAUV maintains a belief of the environment
and continuously updates with the collected measurements. A control loop runs on each
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µAUV and evaluates the current belief to derive the control sequences. Note that each
µAUV maintains its own on-board control loop instance, and the outlined approach does
not require a central coordination unit. Communication links among µAUVs ensure in-
formation exchange. The exchanged information depends on the mission objective and
might, for example, consist of field measurements.

4.1.2 Belief Representation

The previous subsection proposed to embed a belief representation of the environment
within the controller. This subsection elaborates on possible mathematical formulations
of such belief representations. Functions for belief representations need to fulfill two re-
quirements. First, they need to represent distributions of spatial fields that can be updated
by measurements. Second, they need to be embeddable into a controller structure.

Since exploration tasks require reasoning about uncertainties, an intuitive choice for beliefs
would be a stochastic formulation. Stochastic models offer several distinct advantages
in this application. Probability theory allows for inversion of measurements and model
by computing conditional probabilities of the estimate given the measurements. This
is regarded as a general inference scheme for reasoning, which is likely also present in
biological decision making [20]. Note that the choice for a probabilistic framework does
not imply that the environmental fields are inherently stochastic. In other words, their
states do not randomly fluctuate. However, a probabilistic framework is chosen because
the uncertainty is epistemic, and a probabilistic belief can capture a variety of possible
field states at the same time.

Random fields are the stochastic extension of deterministic fields and can be interpreted
as probability distributions of spatial functions. They are solutions of stochastic partial
differential equations, which are currently one of the most actively studied topics in math-
ematical sciences. Random fields can be further subclassified into Markov random fields
and these into GMRFs. Gaussian Markov random fields are of interest for spatial envi-
ronmental field modeling and belief representation. Recent advances in stochastic field
modeling motivate this choice because GMRFs allow for fast and accurate inference, even
for very large measurement data sets. They also allow for a principled treatment of non-
stationary fields, which is an active research topic in statistics [16].

The belief is stated as a GMRF:

F = GMRF(µ,Q−1) . (4.3)

A GMRF is parametrized by its field mean µ and its precision matrix Q. The inverse of
a stochastic field’s precision matrix is the process covariance matrix.
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Random fields can be interpreted as a collection of an infinite number of spatial func-
tions each with a different realization probability. Measurements collected by µAUVs
update the GMRF distribution, such that field elements change their probability within
the distribution. Therefore, certain measurements are intuitively more useful than others
for updating the distribution. In order to explore environmental fields efficiently, control
sequences need to yield informative measurements. The information quality (or sensing
quality) of measurements can be formalized to assess their goodness. Sensing quality can
be quantified with various information theoretic metrics [34]. In this chapter, predictive
variance conditioned on measurements is chosen as a sensing quality metric. This criterion
is often used in spatial statistics and is also called Bayesian A-optimality. The predictive
variance of the field belief is evaluated at reference points ss:

Var [F(ss) | z] =
∑
s

E
[
(F(ss)− E[F(ss) | z])2 | z

]
, (4.4)

with E[·] being the expectation operator. Another popular choice for assessing the sensing
quality is the mutual information criterion, which is also known as Bayesian D-optimality.
Instead of evaluating the predictive variance at reference points, the mutual information
criterion assesses the conditional entropy.

The control objective is to find µAUV control sequences resulting in measurements that
decrease the GMRF belief’s predictive variance. In the next subsection, the control prob-
lem is formulated and solved. The solution provides control sequences for environmental
data gathering.

4.1.3 Stochastic Optimal Control

The belief has been formulated as a random field that represents a distribution of spa-
tial fields. Stochastic optimal control provides a principled and structured framework to
include probabilistic elements. It is also a powerful method for controlling dynamical
systems. Here, stochastic optimal control is predestined for formalizing data gathering.

Consider a finite horizon cost function J for a path τ i
j ≡ ξij:N of the i-th µAUV at time tj.

The path τ i
j begins at time tj from state ξi and ends at time tj+N with a control horizon

length N . The cost along the path τ i
j can be computed as

J(τ i
j) = E

τ j

∫ tj+N

tj

Li(qi(ξ), ũ) dt . (4.5)

The expectation E is taken over the states of all µAUVs to enforce coordination. Otherwise,
µAUVs might choose similar redundant paths. The immediate cost Li(qi(ξ), ũ) includes
the state cost of the i-th vehicle qi(ξ) and a control cost, which is a function of the

63



4.2. PATH INTEGRAL CONTROL FOR EXPLORATION

control signal ũ. The control cost will be analyzed in the next section. The state cost
qi(ξ) depends on the i-th vehicle’s own state and also on the states of other vehicles,
which are denoted by ξi and ξ−i, respectively. Different formulations of the state cost are
possible. The additive approach

qi(ξ) = qi(ξi, ξ−i) = qifield(ξ
i) + qicoop(ξ

−i) (4.6)

is chosen. The predictive variance (4.4) is included in the field state cost qifield(ξ
i), which

is defined as

qifield(ξ
i) = Var

[
Fj(ξ

i) | z0:j

]
. (4.7)

At time tj, the field beliefs Fj are derived from all available measurements z0:j obtained
until tj. The predictive covariance can be evaluated in the belief space along the receding
horizon, where the reference points in (4.4) are subsets of the µAUVs’ expected paths. As
stated in Chapter 1, information theoretic problems concerned with optimal data gath-
ering are in general provably intractable, and the problem always needs to be simplified,
which renders any solution suboptimal. Here, the simplification is that the field state cost
(4.7) does not include an expectation over future measurements, which keeps the compu-
tational complexity tractable. In the next section, the control sequences will be computed
in a receding horizon scheme. Since the problem is solved at every time step, the neglect
of the expectation over future measurements is tolerated.

The cost qicoop(ξ
−i) handles the coordination of the i-th µAUV with other fleet members.

It ensures that the µAUVs do not pursue similar paths. Each µAUV considers the states
of other µAUVs through qcoop. The penalty in the state cost is formulated as

qicoop(ξ
−i) =

ns∑
i 6=j

bcoop∥∥ξi − ξj
∥∥ . (4.8)

The parameter bcoop is an adjustable tuning parameter. It determines the repulsion be-
tween the µAUVs. The cost term (4.8) leads to a behavior where µAUVs show coordina-
tion, which is a desired behavior in exploration.

At time tj, the optimal control can be obtained by minimizing the finite horizon cost
function (4.5).

4.2 Path Integral Control for Exploration

The previous section stated the problem of field exploration as a stochastic optimal con-
trol problem. The information theoretic cost function (4.5) has to be optimized under the
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consideration of system dynamics. The optimization leads to a control sequence for infor-
mative field measurements. Although stochastic optimal control is a powerful framework
which can be applied to many control problems, it is often impossible to find compu-
tationally tractable solutions. Solutions for only few special cases have been reported
in literature [59]. These cases are usually linear in their dynamics or restrictive in cost
function design. A well known stochastic optimal control solution for linear systems is the
linear quadratic Gaussian regulator. In recent years, significant progress has been made in
efficiently solving certain types of nonlinear stochastic optimal control problems [30, 31].
By exploiting a log-transformation of the value function, the solution of certain stochastic
optimal control problems can be stated as a path integral [32]. Path integrals have been
studied in the context of quantum mechanics and can be (approximately) solved through
forward sampling. Compared to other sampling-based methods, such as the rapidly ex-
ploring random tree family, path integral control has various advantages. It is derived
from first principles of stochastic optimal control, it includes system dynamics seamlessly,
and it has only few tuneable parameters. The path integral approach has been proven to
be suitable for combining kinodynamic models with machine learning tasks [76]. It was
applied to problems such as formation control for quadrotors [21], aggressive driving with
ground vehicles [81], and learning to control an inverted pendulum [62]. All these appli-
cations of path integral control are feasible for embedded systems and provide control
actions in real-time.

This section extends the path integral control formulation to spatial field exploration prob-
lems. It presents the derivation of an exploratory control law which solves the stochastic
optimal problem introduced in the previous section. The controller considers the µAUV
dynamics (4.1) and minimizes the finite horizon cost function (4.5). It also reduces the
optimization of the stochastic optimal control problem to a path integral computation.

As a notational convention, we will index variables (e. g. path, state, control action, etc.)
starting at time tj and ending at time tj+N by (·)j:N . A variable centered around time
tm is indexed by (·)m. The only exception is the notion of the path, where τ j ≡ ξj:N . In
order to derive the PI-GMRF control law, the ansatz for the control function ũi in (4.1)
is chosen as

ũi = G(ui + εi) . (4.9)

The control affine form is a prerequisite for the path integral reformulation [76]. We
introduce a parametrized control vector ui whose dimensionality is possibly much larger
than the dimensionality of ũi. Zero-mean Gaussian noise εi with variance Σε is added
to ui to allow for adaption in the control space. The sum is multiplied with the control
transition matrix G to obtain the desired dimensionality of ũi. The control form (4.9)
allows for a great flexibility, because the derivation of the control law is now extended to
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a higher dimensional space, where ui lives. The choice of G is not restricted. Inserting
(4.9) into (4.1) results in

ξ̇
i
= f(ξi) + χ(ξi) +G(ui + εi) . (4.10)

In the previous section, the state-cost qi in the immediate cost Li(ξ, ũ) was defined by
(4.6). However, the definition of the control dependent cost was postponed until now.
Note that in (4.9), only ui determines the applied control effort and hence should be
considered in the immediate cost instead of ũ. A quadratic control cost with a semi-
definite weight matrix R is chosen to penalize large control efforts. The final immediate
cost of the problem becomes

Li(ξ,u) = qi(ξ) +
1

2
ui>Rui . (4.11)

4.2.1 Path Integral Control Formulation

This subsection derives the path integral control formulation of the exploration problem.
The derivation uses results from [77], where a class of nonlinear stochastic optimal control
problems was solved based on the stochastic Hamilton-Jacobi-Bellman (HJB) equation.
An alternative analysis of path integral control laws without the stochastic HJB equation
is presented in [81]. The following derivation is from the perspective of the i-th µAUV,
where the subscript i is omitted for clarity. As in the previous section, we consider the
control problem at arbitrary time tj with a control horizon N . At time tj, the considered
µAUV maintains a corresponding belief representation of the underlying fields based on
the measurements available at time tj.

The first step in solving optimal control problems is defining a value function V . The
value function V is a function of the µAUV state and describes the finite horizon cost
function (4.5)’s minimum value. It is defined as

V (xj) = min
u

J(τ j) = min
u

E
τ j

∫ tj+N

tj

L(q(ξ),u) dt . (4.12)

The value function (4.12) is the solution of a stochastic HJB equation. For this problem,
it becomes

−∂tV = min
u

(
q(ξ) +

1

2
u>Ru+ (∇ξV )>(f + χ+Gu) +

1

2
tr((∇ξξV )GΣεG

>)
)
.

(4.13)
Taking the derivative with respect to u of the argument on the right hand side of (4.13)
yields the optimal control function

û = −R−1G>(∇ξV ) . (4.14)
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Substituting (4.14) into the HJB equation (4.13) yields the nonlinear partial differential
equation (PDE)

−∂tV = q(ξ) + (∇ξV )>(f + χ)− 1

2
(∇ξV )>GR−1G>(∇ξV ) +

1

2
tr
(
(∇ξξV )GΣεG

>) .
(4.15)

We can apply a log-transformation to transform (4.15) into a linear PDE [32]. Set

V = −λ logψ (4.16)

and λR−1 = Σε, whereby λ is a constant, to obtain the Chapman-Kolmogorov PDE

−∂tψ =
1

λ
q(ξ)ψ + (f + χ)(∇ξψ) +

1

2
tr((∇ξξψ)GΣεG

>) . (4.17)

Although (4.17) is now linear in ψ, analytical solutions cannot be obtained in general.
However, the Feynman-Kac theorem states the solution of Chapman-Kolmogorov PDEs
[59] as path integrals. The solution of (4.17) as a path integral is

ψ = E
τ j

[
exp

(
−1

λ

∫ tj+N

tj

q dt

)]
. (4.18)

The path integral (4.18) can be stated as a limit in discrete time [77] with ∆t = tj+1 − tj
being a time step:

ψ = lim
∆t→0

∫
p(τ j | xj) exp

(
−1

λ

N∑
m=j

qm∆t

)
dτ j , (4.19)

which is a convenient formulation for implementation purposes.

Combining (4.14) and (4.16) allows to state the optimal control action in terms of the
path integral (4.19):

û = −R−1G> (∇ξV ) = R−1G
∇ξψ

ψ
. (4.20)

The optimal exploratory control sequence can be obtained by computing a path integral
and its derivative. It is well known that path integrals can be approximately computed by
forward sampling. For the case of (4.19), the computing entails sampling µAUV paths and
evaluating their costs. Taking a closer look at this formulation reveals that an optimization
problem was transformed into an integration problem. Also, the path integral formulation
does not require gradient computations of the cost function by exploiting probability-
weighted averaging of sampled paths.

4.2.2 Discrete Receding Horizon Scheme

The results of the previous subsection can be implemented within a discrete receding hori-
zon formulation. The equations are stated for a fixed point in time tj from the perspective
of a single µAUV, as in the previous subsection.
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First, a discrete-time representation of the system dynamics is derived from (4.10). The
resulting discretized equations of motion are used within the controller formulation. They
allow to compute virtual roll-out paths by taking the control sequence as an input and
propagate it through the dynamics. These virtual roll-out paths are used to evaluate the
potential cost of a sampled control sequence. At time-step tj, the controller’s internal
discrete equations of motion read

ξj+1 = ξj + (f(ξj) + χ(ξj))∆t+Gj(uj∆t+ εj
√
∆t) . (4.21)

The control sequence along the finite control horizon uj:N is discretized into N steps and
(4.21) becomes

ξj+1 = ξj + (f(ξj) + χ(ξj))∆t+

 0

0

g>
1

(
 0

0

uj:N∆t

+

 0

0

εj:N
√
∆t

) . (4.22)

The column vector g1 is constructed such that the first element is equal to one and all
other elements are zero. Consequently, at the prediction step j+m, the vector gm contains
a unit entry at its (m− 1)-th position and all other elements are zero at time-step j. This
direct time indexing allows for flexibility, but can yield computational complexity. This
approach is feasible in our application because a µAUV’s equations of motion are low-
dimensional. Alternatively, the control input can be parametrized with dynamic motion
primitives as in [76]. However, this approach reduces the control space.

The optimal control action (4.20) can be explicitly computed for the structure of (4.22).
First, ψ is computed. Since the dynamics (4.21) are Markovian, the conditional distribu-
tion p(τ j | xj) can be written as a product, and (4.19) becomes

ψ = lim
∆t→0

∫ N∏
m=j

p(ξm+∆t | ξm) exp

(
−1

λ

N∑
m=j

qm∆t

)
dτ j . (4.23)

The transition probability p(ξj+∆j | ξi) is Gaussian because the exploration noise ε is
zero-mean Gaussian. Hence, (4.23) is

ψ = lim
∆t→0

∫ N∏
m=j

N

ξm + f(ξm) + χ(ξm)︸ ︷︷ ︸
mean

, gmΣεg
>
m︸ ︷︷ ︸

variance

 exp

(
−1

λ

N∑
m=j

qm∆t

)
dτ j .

(4.24)
The normal distribution in (4.23) can be expressed with the exponential function:

ψ ∝ lim
∆t→0

∫
exp

(
− 1

λ

N∑
m=j

qm∆t−
1

2λ

N∑
m=j

(ξm+∆t − ξm − f(ξj)− χ(ξj))
>(gmΣεg

>
m)

−1

· (ξm+∆t − ξm − f(ξj)− χ(ξj))
)

dτ j , (4.25)
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where we omitted the constant of the normal distribution for the sake of clarity. Appendix
B summarizes properties of the normal distribution. By inserting (4.25) into (4.20) and
exploiting the relationship λR−1 = Σε, the optimal control sequence is rearranged to

ûj:N =

∫
P (τ j)uL(τ j)dτ j , (4.26)

with the probability

P (τ j) =
exp(− 1

λ
S(τ j))∫

exp(− 1
λ
S(τ j))dτ j

, (4.27)

where

S(τ j) =
N∑

m=1

qj(τ j) +
1

2
(um +Mmεm)

>R(um +Mmεm) (4.28)

is also called path cost-to-go. The matrix Mm reads

Mm =
R−1gmg

>
m

g>
mR

−1gm

. (4.29)

The local control is defined as
uL,m = Mmεm . (4.30)

At time-step tj, the complete optimal control sequence ûj:N is computed according to
(4.26) through sampling. However, only the first input ûj of the computed sequence is
applied to the µAUV. The control action leads to a state transition of the µAUV where it
takes the next field measurement zj+1 at its new position. Next, the belief representation
is updated with the new measurement. Subsequently, the optimal control problem is
solved again at time-step tj+1 in order to obtain the control input ûj+1 from the sequence
ûj+1:j+N+1. The µAUV communicates its measurements and intended control sequences
to other µAUVs within its communication range. At the same time, it receives other
µAUVs’ measurements which it includes in its belief computation. The intended control
sequences from other µAUVs are included in (4.8). When considering other µAUVs’ paths,
it is computationally intractable to include all possible paths for all µAUVs. A common
approach, which is also deployed here, is to communicate the current intended best path
or best control sequence. The required steps to derive a control action are illustrated in
Fig. 4.2.

Numerical Implementation of the Control Input For clarity, we state the dis-
cretized equations for computing the control input in an algorithmic form. They origin
directly from the derivations above, but include a sampling strategy to solve the path
integral (4.26) iteratively. The equations are solved at each time step and provide the
exploratory control sequence for an available belief.
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compute control state transition

measure fields update belief

sequence according to system
dynamics

function

communicate
-current position
-planned path
-measurements

communicate
-current position
-planned path
-measurements

time step j + 1time step j

uj

ξj+1

zj+1 Fj+1

Figure 4.2: The steps performed by a single µAUV at each time-step in exploratory control.
The control input computed at the previous time-step leads to a state transition and hence
to a new µAUV position. The µAUV takes a new measurement at its position and updates
its belief representation. The new measurements, the own position and the planned path,
are communicated to vehicles in reach. Afterwards, a new control sequence is computed.

At time step tj, initialize the control sequence to coincide with the control sequence of
time step tj−1. Repeat until convergence or until transition to time step tj+1:

1. Create K virtual roll-out paths τ k from the current vehicle state ξj by sampling the
stochastic control sequence uj:N+εk,j:N along the control horizon and by propagating
the control sequence through the controller internal µAUV dynamics (4.21).

2. Execute the following steps for every virtual path roll-out k and every control horizon
step m.

• Compute Mm =
R−1gmg>

m

g>
mR

−1gm

. This is same for all k paths.

• Compute the path cost by using the state cost q that is dependent on the field
belief and the intended control sequences of other µAUVs:
S(τ k,m) =

∑N
m=1 qj(τ k,m) +

1
2
(um +Mmεk,m)

>R(um +Mmεk,m) .

• Evaluate the probability of the discrete path pieces for each roll-out:
P (τ k,m) =

exp(− 1
λ
S(τ k,m))∑K

k=1 exp(−
1
λ
S(τ k,m))

.

3. Compute the control correction: ∆Um =
∑K

k=1 P (τ k,m)Mmεk,m .
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4. The control correction matrix ∆Um has the dimension N ×N , because the control
correction vector is computed at every step. Hence, we average ∆Um and obtain
the updated control sequence uj:N ← uj:N + 1

N
∆Um1 .

The loop is repeated. The control sequence uj:N is updated until convergence or until the
next control command has to be applied to the system. In either case, the first entry of
the control sequence uj:N is applied to the µAUV, resulting in a new µAUV state at time
step tj+1. A new field measurement can be taken, which in turn leads to a field belief
update that allows to repeat the control loop.

4.3 Random Field Modeling and Inference

The previous section introduced a control architecture for computing exploratory control
sequences for µAUVs based on path integrals. The computation requires the evaluation
of the field state cost qfield which is obtained from (4.7). The predictive variance in (4.7)
can be computed for a field belief that is represented by a GMRF. This section covers the
random field structure which is embedded within the PI-GMRF controller.

4.3.1 Overview

Research on representing spatio-temporal fields with Gaussian random fields (GRFs) be-
came increasingly popular over the past couple of years [71]. This is motivated by the
growing amount of environmental sensors and data. Gaussian random fields allow to
perform nonparametric regression which is a method for obtaining function representa-
tions of fields from measurements at discrete points. Physics-based models, such as the
Navier-Stokes equation, combined with filtering methods offer an alternative to GRFs for
reconstructing fields from measurements. However, Gaussian random fields offer distinct
structural advantages over physics-based models in the context of spatial field studies.
Random fields do not require boundary conditions, they are computationally much faster,
and they provide a covariance measure, which helps to assess field uncertainty.

Gaussian random fields without the Markov property have been widely used for modelling
data-driven processes in many applications. While GRFs are in principle suitable for mod-
eling environmental fields, their computational scalability hinders applications with many
measurements. This is a problem when computations need to be carried out on-board
of resource-constrained µAUVs. Sparse GRFs have been suggested in [7] to reduce the
computational burden. Recent efforts in modeling environmental fields incorporate GM-
RFs to approximate GRFs. Results by [48] motivate the application of GMRFs instead

71



4.3. RANDOM FIELD MODELING AND INFERENCE

of GRFs for spatial fields. The authors have proven that a lattice generates approximate
solutions of a stochastic partial differential equation whose solution is a continuous GRF
with a Matérn covariance function. GMRFs possess the Markov property in space and
hence are computationally lighter than GRFs. This makes GMRFs more attractive for
mobile robots. Appendix C gives a brief introduction to Markov models. The computa-
tional complexity of GRF regression is O(n3) while GMRF regression in the plane scales
with O(n 3

2 ), where n is the number of measurements. Applications where GMRFs are used
to navigate autonomous agents are rare so far. A regression framework where a scalar field
is modeled with a GMRF is presented in [83].

Although GMRFs are designed for undirected graphs, this section extends them to a con-
tinuous domain by interpolating with shape-functions. Furthermore, we show how the
predictive mean and covariance can be computed efficiently along an arbitrary µAUV
path without having to compute field estimates at any other domain location. This al-
lows evaluating the cost of sampled paths during the controls computation (4.26) very
efficiently. The GMRF representation is suitable for scalar fields. However, the method
easily extends to flow fields by treating each dimensional component of the flow field as a
scalar field.

4.3.2 Gaussian Markov Random Field Model

Consider a discretization of the field domain of interest D into a two- or three-dimensional
lattice graph, called a grid. The vertices of the grid are located at sgrid ∈ D. Let w be
the vector of unknown field values at the vertices sgrid, whereby all random field values
are jointly Gaussian and form a Markov random field:

w ∼ GMRF(µ,Q−1) . (4.31)

The Markov property of a GMRF is equivalent to the property that its precision matrix
element Qij = 0 if and only if two vertices sgrid,i and sgrid,j are conditionally independent.
The Markov property ensures sparsity of Q which is the reason why regression of two
dimensional GMRFs scales with O(n 3

2 ) and regression of three dimensional GMRFs with
O(n2), whereby n is the number of measurement points. This is an advantage compared
to their GRF counterparts, which have the computational complexity of O(n3). Different
constructions of the precision matrix Q are possible. For a two-dimensional lattice, the
precision matrix can be constructed such that the Gaussian full conditionals fulfill

E[wi,j | w−i,j] =
1

ρ
(wi−1,j + wi+1,j + wi,j−1 + wi,j+1) ,

Var[wi,j | w−i,j] =
1

ρ
,

(4.32)

72



CHAPTER 4. PI-GMRF CONTROL FOR FIELD EXPLORATION

with the constant |ρ| > 4, which guarantees stability of the GMRF. The structure of (4.32)
implies that each vertex only communicates with its four grid neighbours directly. A sim-
ilar construction is easily obtained for a three-dimensional lattice, whereby each vertex
would have six direct neighbours. A GMRF with the precision matrix structure described
by (4.32) approximates a Matérn field, whose covariance monotonically decreases over the
Euclidean distance ‖s− s′‖ and converges to zero. This is a desired property for model-
ing environmental fields because most physical fields possess a similar characteristic. The
squared exponential covariance function, which is often chosen for GRFs, exhibits this
property as well. A time dimension can be included for fields that show temporal vari-
ability. Time can be treated as an independent dimension. Intuitively, the autocovariance
of such fields decreases over time. This can be considered by extending the well known
autoregressive AR(1) model to the field value vector w:

Var[wt+n,wt] =
σz

1− φ2
φ|n| , (4.33)

where t indexes time, n indicates a time shift, and |φ| < 1. In GMRF regression, this
property yields more weight to more recent measurements, whereas older measurements
have less influence.

Given the probabilistic forward model (4.31) for w, we can state the measurement equa-
tion (4.2) for the field in probabilistic notation as

p(z | w) = N (A(sz)w, σ
2
zI) , (4.34)

where z combines all field measurements taken at the corresponding positions sz, and σ2
z

is the variance of the measurement noise. The observation matrix A maps from discrete
grid vertices sgrid of the GMRF to continuous measurement locations sz. This allows to
represent the concentration field at any location of the domain and not only at the grid
vertices. An efficient construction of A with polynomial shape functions is introduced in
Subsection 4.3.4.

4.3.3 Gaussian Markov Random Field Inference

For GMRFs, the field measurements z and the field values at the vertices w are by design
assumed to be jointly a GMRF as well [68]. Here, we exploit a major advantage of the
Bayesian framework. For a given probabilistic measurement model p(z | w), the inversion
p(w | z) can be computed.
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This predictive posterior distribution is the conditional distribution

p(w | z) = N (E[w | z], Var[w | z]) with (4.35)

E[w | z] = µ+
1

σ2
z

Q−1
w|zA

>(z −Aµ) and (4.36)

Var[w | z] = Q−1
w|z = (Q+

1

σ2
z

A>A)−1 . (4.37)

In general, the mean µ is unknown, and can be approximated by the arithmetic mean
of the collected measurements µ ≈ µz . The predictive distribution allows to infer the
unknown field values w at the vertices of the field grid from measurements z. Hence, the
concentration field can be estimated at discrete locations from measurements taken at
arbitrary positions.

The cost-to-go (4.28) in the path integral control formulation requires the covariance
evaluation along paths τ j. A naive approach would compute the posterior distribution
at all grid vertices sgrid according to (4.35) first. Afterwards, an interpolation would be
required to obtain covariance estimates along a sampled path. This requires a lot of
computational resources. Consider that we might sample hundreds of trajectories in each
time step, and the cost of each path has to be evaluated to derive the control sequence.
Instead, we suggest to compute the posterior distribution p(wτ | z) directly, where wτ

are only the field estimates along a path. The computation of values which do not directly
lie on sampled paths is not required. This is an elegant property of the probabilistic field
modeling framework and is in general not applicable within physics-based field modeling.

We introduce the path observation matrix Aτ = A(τ j) that maps field values w onto
wτ . The posterior distribution p(wτ | z) can be computed as

p(wτ | z) = N (E[wτ | z], Var[wτ | z])

= N (Aτ E[w | z], AτVar[w | z]A>
τ ),

E[wτ | z] = Aτµ+Aτ

(
Q+

1

σ2
z

A>A

)−1
1

σ2
z

A>(z − µ),

Var[wτ | z] = Aτ

(
Q+

1

σ2
z

A>A

)−1

A>
τ .

(4.38)

The formulation is computationally efficient because the term (Q+ 1
σ2
z
A>A)−1 does not

depend on the virtual path roll-outs of the controller, but only on the already available
measurements. Hence, each µAUV only needs to compute this inverse when a new mea-
surement arrives and can reuse it for the evaluation of all virtual path roll-outs to derive
the control sequence.
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4.3.4 Weighted Shape Functions

The observation matrix A and the path observation matrix Aτ map the field values w

from discrete vertices to the measurement locations and to the sampled paths, respectively.
This subsection introduces the construction of A, which can be easily extended to Aτ . In
order to preserve the computational advantages which GMRFs posses over GRFs, A has
to be sparse. The gridded structure of the GMRF decomposes the field domain D into
finite sub-domains or elements De:

D =
⋃
e

De , (4.39)

whereby nvert vertices of the grid sgrid are associated with one element De and completely
define its geometry. The field F e in an element domain is approximated by F e

h, a sum
of weighted shape functions. Given an element De with nvert vertices, which have the
coordinates si, i = 1, . . . , nvert, the random field function F e can be approximated by
polynomial shape functions φe(s) and the corresponding stochastic field values we

i as
weights:

F e ≈ F e
h =

nvert∑
i=1

φe
i (s)w

e
i . (4.40)

The polynomials φe
i are chosen such that the condition

φe
i (sk) =

1 if i = k,

0 otherwise
(4.41)

is fulfilled. Furthermore, each shape function vanishes outside of its corresponding element.

The shape functions are used to construct A. The j-th row Aj of A is associated with
the j-th measurement which was taken at position sj. The position sj is located within
element De′ , that is, sj ∈ De′ . Hence, nvert components in the j-th row Aj are associated
with the nvert vertices and result in non-zero entries of the j-th row:

Aj = [0 · · · φe′

1 (sj) · · · φe′

nvert
(sj)︸ ︷︷ ︸

associated with De′

· · · 0]. (4.42)

Note, A is sparse because each row contains only nvert non-zero elements. The path matrix
Aτ can be constructed in a similar way, but instead of measurement locations, sampled
paths are used.

The construction is illustrated with a two-dimensional example. Four vertices nvert = 4

compose an element. Each element has side lengths a and b. Figure 4.3 illustrates a sample
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shape function defined in such an element. A local coordinate system Kl(xl, yl) is intro-
duced to define the shape functions for each element. The coordinate system originates
in the center of an element. Suggested shape functions are

φe
1 =

1

ab

(
xl −

a

2

)(
yl −

b

2

)
,

φe
2 = −

1

ab

(
xl +

a

2

)(
yl −

b

2

)
,

φe
3 =

1

ab

(
xl +

a

2

)(
yl +

b

2

)
,

φe
4 = −

1

ab

(
xl −

a

2

)(
yl +

b

2

)
.

(4.43)

Other shape functions are possible as long as they fulfill condition (4.41). As required
by condition (4.41) the shape functions (4.43) vanish at all element nodes except for one
at which they attain unit value. By definition, all shape functions vanish outside their
local element. For a GMRF with 100× 100 vertices, the corresponding matrix A has zero
entries at 99.96% of its elements. This sparsity is independent of the number of taken
measurements.

shape function

vertex

a

bxl

yl

Figure 4.3: Rectangular element defined by four vertices of the domain grid. The filled area
illustrates the sub-set De. A polynomial shape function is defined in a local coordinate
system whose origin is in the element center. The illustrated shape function takes unit
value at one vertex (solid line) and vanishes at all other vertices.

4.4 Case Studies

In this section, the PI-GMRF controller is analyzed in numerical simulations. Numerical
simulations allow to isolate and test critical components of the algorithm and more im-
portantlly to run experiments with controlled initial conditions to collect statistics. Two
case studies are presented. First, a single µAUV has a known and constant belief, based
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which control sequences are derived. This scenario evaluates only the path integral part
of the PI-GMRF controller. Second, three µAUVs are exploring an unknown scalar field
while being disturbed by an unknown flow field. For both case studies, a self-propelled
particle model in the plane with orientation and unit mass is chosen as the controller in-
ternal model. The model is commonly used for studying collective motion of underwater
vehicles [61]. The i-th µAUV has the state ξi = [xi yi αi]> which describes the position
and orientation in a global coordinate system. The motion of each µAUV is governed byẋ

i

ẏi

α̇i

 =

v cos(α
i) + χx(x

i)

v sin(αi) + χy(y
i)

0

+

 0

0

ũi

 , (4.44)

where v is the µAUV’s velocity relative to the flow. We assume a constant vehicle velocity
v. The flow field χ = [χx χy]

> has only translational influence on a µAUV and acts as a
disturbance. The only controllable state is the orientation αi through the angular velocity,
whereby ũi is the control input. Note that (4.44) is a special case of (4.1).

4.4.1 Cost Minimization for a Static Belief

In the first case study, the path integral controller for navigating µAUVs is analyzed. A
single µAUV has the goal to minimize its cost along its path while being subject to (4.44).
The belief is constant, time-invariant, and known to the µAUV. The field cost function is
set to

qfield(x) = −20 exp
(
−(x− 3)2 − (y − 7)2

5

)
. (4.45)

A flow field is present in the domain and has a flow velocity that exceeds the µAUV
velocity. However, the flow field is precisely known to the µAUV at all times. The initial
position of the µAUV is [x0 y0]

> = [8 2]>. The simulation setup and the resulting µAUV
path are shown in Fig. 4.4. In the beginning of the simulation, the µAUV directly navigates
along the steepest gradient of the field cost in order to decrease the cost as quickly as
possible. When reaching the flow, which it cannot overcome, it steers around the flow
to further decrease the cost along its projected receding horizon. After reaching the area
where the cost function has a minimum, the µAUV locks into a pattern which guarantees
the smallest cost along its path. Note that, by design of the study, the µAUV cannot just
stop because its velocity is set to a constant nonzero value. Since the µAUV is subject to
particle dynamics with orientation and a finite angular velocity, it reaches a stable circular
path. Such a behavior is usually observed in formation control based on nonlinear coupled
oscillators [46]. However, nonlinear coupled oscillator controllers offer only very limited
capabilities to include environmental information. In [21], synchronization was achieved

77



4.4. CASE STUDIES

0 2 4 6 8 10

x-axis in m

0

2

4

6

8

10

y
-a

x
is

 i
n

 m

-18

-16

-14

-12

-10

-8

-6

-4

-2
cost

(a) Path of the µAUV, which minimizes cost.

0 5 10 15 20 25 30 35 40 45

time

-20

-18

-16

-14

-12

-10

-8

-6

-4

-2

0

s
ta

te
 c

o
s
t

(b) Cost over time for the µAUV path.

Figure 4.4: Simulation results for path derivation with the path integral control law for
a single µAUV. The path minimizes the cost while being subject to particle dynamics
with orientation. The start position of the [x0 y0]

> = [8 2]>. Red markers illustrate
equitemporal vehicle positions.
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with path integral control as well. However, the underlying dynamics were single integrator
dynamics, and no field was considered. Figure 4.4 demonstrates that path integral control
leads to a mode where a single vehicle with unicycle dynamics synchronizes on a function.

4.4.2 Exploration of an Advection-Diffusion Field

In the second case, study a fleet of µAUVs explores an unknown scalar field while being
disturbed by a flow field. The scalar and flow fields are shown in Fig. 4.5. In the presented
scenario, the scalar and flow fields are not coupled, but just overlayed. Both fields are
time-invariant and represent a scenario that can be encountered in a process engineer-
ing application, where the scalar field could be a chemical concentration of interest. The
two-dimensional domain length is 10m× 10m. For clarity, the case study is set up in two
dimensions, an extension to three dimensions is possible. The patchy flow field has only
a velocity component in y-direction which amounts to 0.4 m

s at y = 5m and decreases
towards the top and the bottom of the tank. The scenario in Fig. 4.5 illustrates why pre-
planning the µAUV paths cannot work and an adaptive control strategy is required. The
flow influence forces the vehicles to unexpected positions and might completely prevent
them from visiting certain locations. A controller for environmental modeling has to adapt
to the flow field in order to perform well.

We deploy ns = 3 µAUVs in order to estimate the field shown in Fig. 4.5. The µAUVs are
steered by PI-GMRF controllers to minimize the predictive variance of the scalar field.
The simulated µAUV dynamics correspond to (4.44). Unlike in the first case study of this
chapter, the equations of motion for creating the virtual roll-outs do not include the real
flow field because the real flow field is not known to the µAUV fleet. Instead, the controller
learns the fluid field on the fly and exploits the current mean of the flow belief knowledge.
The x-component and the y-component of the flow field are estimated separately. Hence,
the belief consists in total of three GMRFs. Note that the flow uncertainty is not included
in the cost function of the PI-GMRF controller. The µAUVs are not trying to actively
explore the flow field, they just exploit their passively acquired knowledge of the flow to
improve the control performance for concentration field exploration.

The µAUVs start at rest with initial orientations α1
0 = α2

0 = α3
0 = −π/2. The initial

positions are randomly chosen along the coordinate y = 9.5m„ and the x-coordinates
are sampled from a uniform distribution U(2, 8)m with the condition that the µAUVs
are 0.1m apart from each other. The parameters of the PI-GMRF controller implemen-
tation are summarized in Table 4.1. The µAUVs update the control sequence ten times
at each time step to ensure convergence. The communication radius is chosen such that
all-to-all communication is always possible. Hence, the µAUVs can always communicate
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Figure 4.5: Environmental fields which serve as exploration scenario. The concentration is
indicated by a colormap and the flow field by the flow velocity vectors in black. Warmer
colors indicate higher concentrations and colder colder colors indicate lower concentra-
tions. The initial position of the µAUV fleet is along y = 9.5m and the x-coordinate
is sampled from a uniform distribution U(2, 8)m with the condition that the AUVs are
0.1m apart from each other.

measurements and intended control actions with each other. Due to the communication
topology, the three µAUVs share the same belief because they have access to the same
measurement data. Results that include statistical analyses are based on 100 simulations
for each unique parameter combination to obtain reliable statistics.

PI-GMRF Controller Feasibility

Figure 4.6 illustrates the predictive GMRF means of the concentration field and the
flow field for four different points in time. The control horizon is N = 15 s. The colored
lines in Figure 4.6 illustrate the travelled paths of the µAUVs. The current positions
are indicated by colored markers. The mean of the belief at time step 1 s is a constant
surface function over the domain, which represents the extrapolation of the first three
very similar measurements. This is the best estimate the µAUVs can derive at this point
with the limited information obtained. At time step 40 s, the µAUVs have spread out in
the domain. The black µAUV encountered the flow field, and the belief starts to reflect
this information based on the measurements taken along the black path. At time step 80 s,
the fields already resemble the original fields, and after 120 s, the µAUVs have obtained
an accurate estimate of both fields, the scalar and the flow field.

80



CHAPTER 4. PI-GMRF CONTROL FOR FIELD EXPLORATION

Table 4.1: Parameters used for the simulations.

parameter symbol value

control horizon N 0–15 s
µAUV velocity v 0.5 m

s

simulation time – 120 s
time step ∆t 1 s
trajectory samples K 15

control loop updates nupdated 10

cooperative cost bcoop 0.2
number of grid vertices nsgrid 144

concentration measurement variance σ2
z 0.3

flow field measurement variance σ2
flow 0.05
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Figure 4.6: Field estimates for four different time-steps of a sample scenario realization.
The current µAUV positions are indicated by markers while the traveled paths are illus-
trated by the white, black, and red lines.
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Benchmark against Random Walk

Figure 4.7 shows the sum of the predictive variance (4.4) over time. The reference points
are evaluated at the field vertices. The blue graph indicates the PI-GMRF control method,
and the red graph is a random walk strategy, for which the control inputs are sampled
from a normal distribution in each time step. The bold curves are the medians, and
the envelopes represent the interquartile ranges (IQR) which are measures of statistical
dispersion. Median and IQR are chosen because the data is not normally distributed.

Figure 4.7: Medians and IQRs of the predictive variance evaluated at GMRF vertices as
functions of time. The results are illustrated for a random walk strategy and the PI-GMRF
control method.

The statistical dispersion of the results in Fig. 4.7 is due to three factors: (1) The initial
positions are random. (2) The measurements are noise corrupted. (3) The controller in-
herently has exploration noise, and the number of trajectory samples is bounded. For both
control strategies in Fig. 4.7, the IQR dispersion of the curves is zero in the beginning
and increases afterwards, which is illustrated by the widths of the envelopes. Towards
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the end of the simulations the dispersion decreases again. The dispersion is small in the
beginning because initially, the environment is unexplored in each simulation run. During
that phase, all µAUV motions lead to the best possible improvement of the field estimate.
However, with progressing time, control adaption becomes more important to effectively
continue exploration. Towards the end, most of the field has been explored, and not much
variation in the exploration behavior is possible. The PI-GMRF controlled exploration
missions lead to a faster decrease of the predictive variance, for example the field un-
certainty, than the random walk strategy. The 75%-quartile of the PI-GMRF approach
outperforms the 25%-quartile of the random walk strategy.

Control Horizon Influence and Computational Time The influence of a parameter
on the controller performance can be determined by analyzing how long it takes to reach a
desired field knowledge. The box plot in Fig. 4.8 shows the influence of the control horizon
N , which is one of the main parameters of the PI-GMRF controller. Figure 4.8 illustrates
the time at which the GMRF predictive variance at the grid vertices dips below 20, the so-
called crossing time. A predictive variance of 20 corresponds to a field exploration success
of approximately 85%. Medians and IQR values for the random walk strategy and three
different control horizons are shown in Fig. 4.8.
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Figure 4.8: Box plot for the crossing time depending on the control horizonN . The crossing
time is a measure for the exploration speed. The bottom and the top of each box are the
first and third quartiles, respectively. The inside band is the median.

The random walk strategy requires the longest time to drive the predictive variance of
the concentration field estimate below 20. The crossing times for N = 10 s and N = 15 s
resemble each other. The crossing time for the control horizon N = 5 s has the largest
spread and a scewed distribution. In some simulation runs with N = 5 s, the controller
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either performs similarly well as longer control horizons. In other simulations the controller
shows an inferior performance, that has more in common with the random walk strategy.

The PI-GMRF controller is designed for µAUVs and one of its main benefits is the com-
putational time. The presented results were obtained on a Quadcore-CPU with 2.66GHz
and 8GB RAM. The control sequence computations during one time-step take approxi-
mately 200ms for a control horizon of N = 15 s. Thereby, three GMRFs (scalar field and
flow field) with 300 measurements each are considered, and 150 control sequence roll-outs
(15 samples times 10 iteration updates) are evaluated. The computational time scales
linearly with the control horizon. It amounts to approximately 100ms for N = 10 s and
70ms for N = 5 s. Current resource constrained µAUVs possess enough computing power
to run the presented PI-GMRF controller.

4.5 Summary

This chapter introduced the PI-GMRF controller for field exploration, mapping, and mon-
itoring with µAUVs. The PI-GMRF controller extends and combines the path integral con-
trol framework with GMRF regression. Path integral control was derived from the first
principles of stochastic optimal control. The optimal control sequence is approximately
obtained by forward sampling. A path integral approach allows for explicit consideration
of system dynamics, and the informative control sequences can be derived efficiently on
the fly. Both are important features for a controller that navigates computationally light
µAUVs in confined test tanks. The PI-GMRF controller is based on a receding finite
horizon scheme. At every time step, an optimal control sequence is computed for a finite
control horizon, but only the first control command is executed on the µAUV. The control
framework includes belief representations of the concentration fields and flow fields. Both
are modeled with GMRFs. Gaussian Markov random fields allow to compute posterior
distributions conditioned on measurement and scale better than their more popular GRF
counterparts. The PI-GMRF controller coordinates the µAUVs in order to reduce predic-
tive field covariance. The presented formulation does not require discretization of field,
state, or control space. The control cost function includes a term that penalizes control
sequences that would lead to similar paths within the fleet. This ensures coordination.
Each µAUV runs its own PI-GMRF controller instance. Hence, there is no central unit
required that would coordinate the µAUVs. The fleet members only need to communicate
their measurements and their intended paths within their communication network. In this
chapter, two scenarios were analyzed by means of numerical simulations. The first scenario
introduced a static belief that was completely known to a single µAUV with the goal to
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minimize a cost function. The result shows that the path integral controller exploits its
belief and derives an optimal motion. The second scenario included the exploration of an
initially unknown diffusive concentration field with three µAUV. The fleet was subject to
an unknown flow field which interfered with its motion. This scenario represents a confined
tank application that can be encountered in the chemical engineering industry. The PI-
GMRF controller outperforms a random walk strategy. The framework is computationally
light enough to run on embedded hardware of µAUVs such as HippoCampus.
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This dissertation covered the application of µAUVs for exploration and monitoring of
environmental fields in confined environments. Design of µAUV systems, underwater self-
localization, and control for information gathering were identified as the main problems.
Solution approaches to these problems were presented in order to bridge the gap be-
tween state-of-the-art and exploratory µAUV behavior. The methods introduced in this
dissertation bring mobile underwater vehicle systems closer to autonomous collabora-
tive operations, which are particularly interesting for industry applications. This chapter
summarizes the key contributions of this dissertation and concludes with possible future
research directions.

5.1 Summary

A µAUV platform called HippoCampus for monitoring and exploring confined underwater
environments was presented in Chapter 2. The mechatronic design of the HippoCampus
µAUVs is inspired by recent advances in the field of micro aerial vehicles. The equations
of motion for HippoCampus were derived and used for analyzing differential flatness of
the system. Based on this dynamical analysis, a geometric attitude control system was
proposed. It is based on a nonlinear geometric approach, which does not assume the
common simplification that rotations evolve in Euclidean space. This is important for agile
behavior. Besides attitude control, path following is another important functionality of
µAUVs. A path following controller based on the receding horizon sliding control law was
introduced. It allows to specify a path via waypoints and connect them with line segments.
Simulations demonstrated that a µAUV follows such a path despite uncertainty about
system parameters. The contributions of Chapter 2 advance state-of-the-art in µAUV
hardware design and its controls.
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One of the biggest challenges in deploying autonomous underwater systems is self-
localization. If a µAUV does not know its position, it cannot perform useful operations.
Chapter 3 introduced two approaches for the underwater self-localization problem. Both
approaches are passive, i. e. only one-way signal transmission is required. A receiver senses
ambient reference signals that are generated by anchored beacons. The first method de-
termines time delays of arrival (TDOAs) of acoustic signals. The signals are generated
from a noise distribution, and the TDOAs are determined through cross-correlation. Re-
sults demonstrated that self-localization in air and water is possible with the presented
approach. The hardware is compact enough to fit into the hull of a µAUV. For very small
underwater environments, reflections and deverberation can significantly decrease the per-
formance. The second presented method was based on the attenuation of EM waves in
water. The receiver measures the strength of an ambient EM signal at its own position
and determines the ranges to the emitting beacons. Miniaturization of the overall system
and the analyses of the performance trade-offs were two of the main contributions to the
field of µAUVs. Experiments demonstrated that the developed method delivered sufficient
localization performance, even in small tanks. The methods introduced in Chapter 3 bring
on-board localization to the µAUV domain and close the position loop. This is a key step
to render autonomous operations in confined underwater environments possible.

Chapter 4 introduced a novel, high-level control approach for autonomous field exploration
with µAUVs. The path integral Gaussian Markov random field (PI-GMRF) controller ex-
tends and combines path integral control and GMRF inference. The formulation is based
on stochastic optimal control, whereby a belief representation of the environmental fields
is maintained within the controller. Field measurements are used to update the GMRF
belief. Since GMRFs are stochastic fields, the covariance is readily available for evaluat-
ing control actions. An optimal control sequence is approximately obtained by forward
sampling along a receding horizon. The approach allows for explicit consideration of sys-
tem dynamics. The PI-GMRF controller was developed for computationally constrained
mobile robots. Due to the iterative sampling implementation control sequences can be
derived on the fly. Unlike POMDP-based methods, the PI-GMRF controller does not re-
quire discretization of the field, state, and control space. Simulations demonstrated that
the PI-GMRF controller outperforms a random walk strategy. The PI-GMRF controller
represents a novel methodological approach for information gathering. It demonstrates
that probabilistic belief representations of environmental fields can be maintained and
updated within a stochastic optimal control formulation.
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5.2 Future Directions

This dissertation introduced methods and systems that enable µAUV operations in con-
fined underwater environments. In order to increase the performance of autonomous un-
derwater systems, future research directions should include improving hardware, self-
localization, and advancing the PI-GMRF approach.

The HippoCampus design should be upgraded with increased computing hardware. This
will allow to increase the performance of the PI-GMRF controller. Like all sampling
based approaches, the PI-GMRF controller guarantees convergence to some expectation
limit. The overall performance will improve with increased accuracy of the underlying
path integral approximation, specifically by computing more inner loop path samples.
Improved computing hardware will also enable a larger control receding horizon. The
vehicle application would become more versatile if more sensing capabilities were included.

The main problem of the acoustic localization problem are interferences and reverber-
ation due to the confined environment. Reverberation is a convolution of the reference
signal with itself. For a known reference signal, dereverberation can be achieved. However,
the presented acoustic self-localization approach relies on an unknown reference signal,
which is an advantage from a conceptional point of view. Current advancements in signal
processing and speech recognition render novel dereverberation methods possible without
knowledge of the reference signal. The so-called blind deverbaration methods can be ex-
tended and used as signal postprocessing to robustify the presented acoustic localization.

The RF localization system can be extended to yaw estimation by deploying an altered
antenna design. The system’s performance can be significantly improved by developing
customized hardware for signal processing instead of relying on an off-the-shelf DVB-T
dongle.

The PI-GMRF approach includes a field belief that is represented by a stationary GMRF.
In order to increase the controller’s performance, more sophisticated GMRFs should be
included. Accurate representation of nonstationary spatio-temporal fields is not possible
with the current GMRF methods. Recently, Lindgren et al. [48, 71] introduced a novel
GMRF based methodology which stands out for modeling nonstationary fields [6]. The
PI-GMRF approach uses the predictive variance as the information metric, the mutual
information criterion could provide improved results for nonstationary fields. Current
assumptions on the decorrelation scales of the field are set as a priori for the controller.
An adaption might also increase the performance, especially for nonstationary fields.
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With the aforementioned improvements, further application areas for the HippoCampus
µAUV may arise. Currently, the system does not interact with its environment and serves
as a sensor platform. With improved localization and autonomy collaborative manipula-
tion, intervention and transport missions can come into reach for µAUVs.
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AFundamental Concepts in
Probability

In this appendix, the notation and basic concepts in probability that are used throughout
this thesis are introduced.

Let X denote a random variable and x a specific value that X might be. The space of
values that X can take may be discrete or continuous in measure. A probability den-
sity function (pdf) p(·) defined on X is simply written as p(x). The pdf is positive for
all x and it integrates (sums) to a total probability of one. Throughout this disserta-
tion, the terms probability, probability distribution, and probability density function are
used interchangeably and it is assumed that all continuous distributions actually possess
densities.

The joint distribution of n variables, p(x1, · · · , xn) is denoted as p(x1:n) or p(x). For
independent variables x1:n, the joint distribution is given by

p(x1:n) =
n∏

i=1

p(xi). (A.1)

The conditional probability p(x | y) is defined by

p(x | y) = p(x, y)

p(y)
, (A.2)

with x being the dependent variable, given that y takes specific fixed values.

A joint probability distribution can be conditioned on other variables as well. For example,
two independent variables x and y can be conditioned on a variable z and can be expressed
as a product

p(x, y | z) = p(x | z)p(y | z). (A.3)

This relation is known as conditional independence. Conditional independence does not
imply absolute independence.
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The chain rule

p(x1:n) = p(x1)
n∏

i=2

p(xi | x1:i−1) (A.4)

expands a joint pdf in terms of conditional distributions.

The equation

p(x) =

∫
p(x | y)p(y)dy (A.5)

is often referred to as theorem of total probability.

Equally important is Bayes rule:

p(x | y) = p(y | x)p(x)
p(y)

. (A.6)

It relates a conditional probability distribution of the type p(x | y) to its "inverse" p(y | x).
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BNormal Distribution

The normal distribution N plays a central role in this thesis. This appendix summa-
rizes the main properties of the normal distribution. The monograph by Williams and
Rasmussen [80] is recommended for a thorough introduction.

Consider the multivariate normal distribution for the joint random vector x′ = (x′1, . . . , x
′
k)

f(x′|µ,Σ) =
1√

(2π)k|Σ|
· exp

(
−1

2
(x′ − µ)>Σ−1(x′ − µ)

)
, (B.1)

which can be abbreviated as
x′ ∼ N (µ,Σ ) , (B.2)

where µ is the mean and Σ is the variance. By partitioning the Gaussian random vector
x′ into the two jointly Gaussian random vectors x and y (B.2) becomes[

x

y

]
∼ N

([
µx

µy

]
,

[
A C

C> B

])
. (B.3)

The marginal distribution of x is

p(x) = N (µx,A) (B.4)

and the conditional distribution of x given y is

p(x | y) = N (µx +CB−1(y − µy),A−CB−1C>). (B.5)

Thus, the conditional expectation and the covariance matrix can be written as

E(x | y) = µx +CB−1(y − µy) (B.6)

and
Var(x | y) = A−CB−1C>. (B.7)
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CMarkov Models

In this appendix, Markov models with an emphasis on Markov fields are briefly introduced.
A detailed description of Markov random fields is provided in [68].

C.1 Markov Chains

A Markov chain is a representation of a sequence of random variables (x1, x2, . . . , xi) which
can be specified by the conditional distribution p(xi | xi−1, . . . , x1). A first-order Markov
chain is illustrated in Fig. C.1. The underlying assumption

p(xi | xi−1, . . . , x1) = p(xi | xi−1) (C.1)

is called first-order Markov assumption. It implies that xi+1 and xi−1 are conditionaly
independent if xi is given. However, conditional independence does not include indepen-
dence. All foregoing variables are still linked implicitly.

Similarly, an n-th-order Markov assumption can be stated by

p(xi | xi−1, . . . , x1) = p(xi | xi−1, . . . , xi−n) . (C.2)

. . . . . .x1 xi−1 xi xi+1 xn

Figure C.1: First-order Markov chain.
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C.2. MARKOV RANDOM FIELDS

C.2 Markov Random Fields

A Markov random field is described by an undirected graph S = (V,E), where V =

{1, . . . , n} is the set of the vertices and E is the set of the edges of the graph, in which
the vertices and edges are related via a neighbouring system

N = {Ni | ∀i ∈ V }. (C.3)

Here, Ni is a set of vertices neighbouring i in the graph toplogy. The properties for such
a neighbouring system are

(1) i /∈ Ni ,

(2) i ∈ Nj ↔ j ∈ Ni .

For a regular lattice, the neighbouring system could be described as

Ni = {j ∈ V | d(xj,xi) ≤ r; j 6= i}, (C.4)

where xj and xi are the positions of the vertices j and i and d(·, ·) is a distance measure.

A Markov random field can be defined as a family of random variables F = {Fi, . . . , Fn},
which are defined on the set of vertices V . Each variable Fi takes a value fi ∈ L, where L
is a label set, and the probability of F taking the value fi is

p(Fi = fi) = p(fi). (C.5)

For a Markov random field on V , the following two properties hold true:

(1) p(f) > 0 ∀f ∈ F (positivity),

(2) p(fi | fV−{i}) = p(fi | Ni)l (Markovianity).

Positivity is directly derived from principles of probability theory, and the Markovianity
depicts that, given all neighbours to i, the non-neighbours do not have any influence on the
probability of i. In other words, labels without edges in between have to be conditionally
independent. Thus, the condition

p(xi,xj | x−{ij}) = p(xi | x−{ij})p(xj | x−{ij}) (C.6)

has to be fulfilled if and only if xi and xj are not neighbouring each other.
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C.3 Gaussian Markov Random Fields

A Gaussian Markov random field has the same structure as a Markov random field adding
one requirement. The probability distribution of F = {Fi, . . . , Fn} is normally distributed
with mean µ and covariance matrix Σ. The conditional independence between pairwise
unconnected vertices, thus the information of the graph S, is included within the covari-
ance Σ. The inverse covariance matrix is the so-called precision matrix Q = Σ−1. It turns
out that

p(xi,xj | x−{ij}) = p(xi | x−{ij})p(xj | x−{ij}) ⇐⇒ Qij = 0. (C.7)

This property of Gaussian Markov random fields renders the precision matrix sparse,
which yields an immense reduction of computational effort compared, for example, to
Gaussian random fields.
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