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omencl2ture

a) Gc;ner:::Jl bolE).

t
f~(i)= df<t(I)

time

a dot denotes the derivative

~ith respect to time

~ a bar denotes the amplitude

of an oscillogram

J< D como l ete e l li ntic inte g raL s
! . ,

~~ their argument

b) ymbols of the 0well.

Il
i H

'1;

4/(1)
/

,),..

cf
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length and helght!waves

period of vvaves

orbital vector, orbital radlUS

w orbital angular velocity

1
f~
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~ (1-)
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(J(t)

/<Ni) ~ Il?/fJ/ .-1
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a ! "., / / fi 1/.
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r

gravitational acceLeratioG

vector

981 cm se~2, its length

resultant acceLeration vector

angle between ,~(t) and
1/

= dimensionsLess
acceleration normal to wave surr ce.

active or rcactive phase compo nt

with res ect to ship~' motion

~ co y;",''-~' nt 0 A'.'../.,.~~~ t h e F 1e "1";L~,
l-Lw v C CXllElILLC!JlJJt!..~.i ,~)
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c) ols of the 0hip.

//11--/ t )

fit)

'f (i)

ja'!':), i/fy)
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Jj, (ip)
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Yft;./ .P(;;) j)iw-)
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flIoj
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unit vector in the direction

of ship' s Glast

ship's-roll angle, measured betvleen_

c:;:;;ri;/::' ~''-
ff

sk-t)~
,yJ{ (i-#jft/

/

) y

measured between .4Pr(i a 'f '1///

righting arm or potential enercy

of heel,

end of stability range

ship's roll period
\~ircular freQuency

period~f free roll in calm water,

the plot is called !!skc)leton curv

ship's moment of inertia includi

virtual maases of water

~hip's damping coefficient

dimensionsless damping coefficient

ship's weight

breadth of ship

metacentric height



phase of roll oscillogram

?'~'it

reciprocal phase velocity of it

4((pJ

1/1(tl IJ/fi)
,I / J .

3

dimension~less period or phase

integral of free roll

dimensionzless mean kinetic energy

form factor of roll oscillogram

0
,

) W urtn
'
er 0 ym~ ols_

-"-_
>..) ~ll

"J
.

ratio of non-

uniformity of phase velocity

phase of energy oscillogram or ph2 e

lag

dimensionless potential heel enerey

moments neither active nor reactive

to the ship's motion

a constant denoting the stability

of rolL states.
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Ji'ootnotes

1)PhysiCist, Institut für Schiffbau der

Hamburg, (DirectorProfes~or Dr.-Ing.

Germany. -

The investigatiomwere supported by the Office of

Naval Rese~rch, Washington, D.O. The treatise in

German was translated by Dir. K. Hasselmann. Oopies

of the author~' manuscript are available at the

Institut für Schiffbau.

Universität

G..1einbLum) ,

2)Numbers in square brackets refer to the bibliography

at the end of this paper.

3)Ji'orinstance, the periods of free roLL can thus be

approximated wi th an error Less than 116 at amp Litudes

<-f <. 0,7 ttR for the fa IIowing righting-arm curves:

k1<f} =: iLA44~ Atn ~ I
~f{y;/ c /~J. tll-(~ t] /

4~f/ = iif. <f'/) - (~)1 t~tJ'7t! ~~~,

4)Equations Nr. 36 - 40 have been c~~elLed in the

translated version.

5)In cases of muLtiple resonance (Ts/Tw = 3, 4, 5 etc.)

The roll numbers satisfying condition (2) wouLd be

even greater (R = 15, 20, 25, etc.).

6)ALthough the simuLtaneous use of the symboLs D(T )
w

and D(~) i8 not correct; there is no fear of ambiguity

as the formuLae will be used alternativeLy.

7)>> =-1- (K - E), not to be confused with the damping
k2

function D(Ts) !
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6. The Ro l cl Sta~~s ~f the Seoond, K1~~I' T$ z;: 2 T,..

a) Tue roll a.ta~l1twie..

b) Stable rot l statGiH~
c) The or1t1oal per10d il'ltervat.
d) Append1oee:

lnfluences ot ~~ wave slope ~(t) and

h1gh.r tHlrmon10 oombination NZ (t).

mean vaLus r~
If) and ?/y;/

conv.~.n.. 18tena\ (12').

I. Tbe
the

11. Tbe

III. rbe



Ji'igure s

1) ~xplanation of terms used in the equation of motion

of a ship in a transverse swell.~= orbital radius,

~ = orbital angular velocity, ~ = gravitational

vector, ~/= appar~ent gravitational vector.

2) The amplitude function
'I

('?)

3a) The quarter oscillograms and periods of

a sinusoidal righting-arm curve roLLing

amplitudes in calm water.

a ship with

at various

3b) The quarter oscillogr2ms and periods of a ship with

an additional stability by form in calm water.

4) The plam,i'lJleteredphase integrals

osciLlations of figs. 3a and 3b.

calculated according to (34).

I ( rp ) of the ro ll

The points were

5) The amplitude function ~ (Cf) of the roLL osciLlations

of figs. 3a and 3b. The points were caLcuLated according

to (43).

6) The form factors F (Y;) of the oscillograms shown in

3a and 3b.

7) Damping moments measured for towed ship modeLs. From

Weinblum and St. Denis [9] .

es)The increase of damping with ro LL amp litude. trom Grim {10]
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0~ ihe construction of two points P1 and P2 of the

response curves for roll states of the first kind

from the skeleton curve and the damping. Construction

Ci)
yie lds .~he blind exai tation 2:.1,$1" I) from the

amplitude ~ and the damping D. The corresponding

frequencies are obtained from construction (j) .

10a) ResDonse curves of the roll states of the first

kind for ships with righting-arm curves as shown

~t three constant values of the blind excitation.

In the shaded region the roll states are unstable.

1Gb) Response curves of the roll states of the first

kind for ships with righting-arm curves as shown

at three constant values of the blind excitation.

In the shaded regions the roll states are unstable.

11a) Response curves of the roll states of the first

kind for ships VJith righting-arm curves as shown

and damping D = 0,2 at three values of the wave

steepness. In the shaded region the roll states

are unstable.

11b) tiesponse curves of the roll states of the first

kind for ships with righting-arm curves as shown

and damping D = 0,2 at t~ree values of the wave

steepness. In the shaded regions the roll states

are unstable.

12) The construction of two points P1 and P2 on the
limiting stability curve L for roll states of the

first kind from the skeleton curve and the damping.
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13) Interpretation of the transformation (120).

14a) Respo-se curves of the roLL states of the second

kind for ships with righting-arm curves as shown

at the blind excitationlp-rl= C,2. The broken regions
-of the curve reDresent unstable rolL states. w.

- /max
is the large/'~ro II amp li tude occuring vIith certainty,

the probability of larger amplitudesoccuring is

s ma II .

1~b) Response curves of the roLL states of the second

kind for ships with righting-arm curves as shown

blind excite.tion1j3t(= 0,2. 'l'hebroken regions

curve represent unstable roll states. ~
~t - Imax

larg~ roll amplitude occuring with certEinty,

the probabili ty of larger ampli tud~ occuring is

small.

at the

of the

is the

15) Illustrpting the instabLe roLL states of the second

kind at small am litudes.

1C;) Phase relation of the ship's motion in a swell

strength just exceeding the critical value for

states of the second kind.

of

rolL

17) Determination of the ~~~~'~~nr~ interval (125).



2. The Equation of Motion.

The roll motion of a ship in a transverse swell is

described by the differential equation

(1)

(2 )

)' f + W(r.). f
t- [1t-!/cJ}? ht,/,) = O.

The following comments are necessary regarding the

derivation and the notation employed. (8ee fig. 1):

\~
The wave Length\ of the swel l is assumed large in com-

parison to the ship's breadth B, at Least.

), > 'f-J3,

In this case the ship participates in the orbital

motion of the water and rolls with constant displace-

ment.Apart from the gravitational force, a centrifugal

force of magnitude Y6J~ then acts on the ship as a

result of its oribital motion ('1'= orbitaL radius,

W = orbita l anguL ar ve Loc ity). The res ul ting vector '1j)

(the apparent verticaL) varies periodicaLly in magnitude

and direction. The static equiLibrium position of the

ship thus has a variabLe angle relative to the hori-

zontal..ln a trochoidal wave the amplitude ~ of ~~(~)

the effective wave steepness, is given by /

- .t
,~.in zß =- ~{la:J = .61-;-

- '1-



In a sinusoidal swell

If copdi tion (2) is satisfied, the /righting'j"arm A(y.;)

corresponding to an angle of heel yu relative to the
position of static equilibrium is the same as in calm

\Vater. Because of the variation of the apparent vertical,

, the ship's weight has the variable value

IT (t)"= /4 +;1(tlJ~ ? (4)

131t) is positive in the wave trough and negative on the
crest.

- s--

F

J(.t) = :!- tU 'j3H)

(the sign depends on the direction of propogation) and

(5b)

= 1/20):

(6)

~(I:-) 1- /3L-1i-) =
4112-~~

/ A-Z I

so that for a standard wave (2 r /;.L

IJ I = /;i! ::::: .I ~ tJl. 4S-/2

/
.u;""'"/ I.
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The angle of roll relative to the horizontal is

'f (() = t(l) f- ,),(1)

'Je shall assume that the total moment of inertia/Q1~ ~
the ship is constant. The hydrodynamic component can

be taken as independent of frequency if the wave gene~

rated by the ship's motion satisfies condition (2).

Jthe damping is as yet not sufficiently well known to be

described accurately by an analytical expression. It

depends in a hydrodynamically complicated manner on the

geometry of the ship, the position of the centre of

gravity, the roll period and the momentary angle and

angular velocity of roll, among other factors. In the'

following we shall assume it to be proportional to the
-

angular velocity ~ relative to the water surface and

take into account otherwise only the dependency on the

roll period Ts.



(9)

3. The fundamentaL ~nctions I1ndaIIlped ~ in €aLm \Vater.

As a basis for the forc&d roLL osciLLations to be ana-

Lysed Later we consider first the undamped roLL oscil-

Lation in calm water. Setting

(8)

- 7-

(10)

where

v(p)= 7/1t/1!

1) (- r) "'- r(j( -rlf)
I

( 11)

{I/ .

{/l(c} = o.

w = 0 ClM-ei r =- tJ

and wri ting W(t) for the functions cpi-fJ and f?i~),

which are indenticaL in this case, the equation of motion

becomes

J ,I
jif- .? -4(%) = o.

As the damping is zero, the SUIIlof thekinetic and

potentiaLenergies 1s constant:

/ )
/ I~ ~/ 1/

;L I t' i- CA(jJ) = tA (1/



a) From (10) the time differential of the Jf~~

oscillation t.jt(-t-)

We now introduce three fundamental functions of the

amplitude which will later also play an important role

in the analysis of the forced oscillations in a swell:

a) the

b) the

c) the

rolL period,

phase integral and, resulting from this,

mean value of the kinetic energy.

-[-

(12)

(13)

for the rolL period in calm water.

- ?
ri~,/4

J'
I

ri {('/IJ = r;t ·
Y fjrf) _ tI r'f)

' n te g ralPer 1
. the improgiv~ng

.-
y.J

dp
.

,rz:;7J f - f0<fJ = r; J'

f{/rrf) _ t(r'f)



(15 )

The integraL (13)Jwhich is of fundamentaL importance

for the dynamicaL behavior of the ship, can be expressed

in a cLosed anaLytical form onLy in a few speciaL cases.

For instance, if the righting-arm curve is sinusoidal

or a cubic parabola, it is well known that the ampLitude

function

where

(14 )

.- 9-

K_
( 16)

( it)

T(<?) = 7:r<F)

7:(0)

m J/'"
j/-'

~(o) =
r?(f

is the roLL period for small ampLitudes, can be expressed

in terms of the complete eLLiptic integraL

1.

d~

~(
~)

.
(
. ...

J2.~'~)
1

I-x, 1- tel'

=
71,

(
.I + 1. ß:(,

+ ..2... JZ.9.-f .t5
.
- ~ t ..e

)~ 4' pe 6if N Zl'l W -f ,
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For

and für

and for

--
.J

)zIer) =

I-
r (rjJ

Für

( 17)

(18 )

( 19)-4~'f) = I1.j. 'fi~ - (J;;)1

.-:<JlL .-
) _ ~--;-.

3. 1./with~ '"- ,!..,.. >. .
( 20 )?: ('f - [11 + kz

7/ 1\ I lw - 'f'
112

-4 .~~7/t
~/ll

f7C?

.&..
f
V ~~= ~ z

r~7/\ I
.z~



(22)

/
r]lhe nu~ricaL or pLanimetricaL evaLuation of (13)

generally m~ets with some difficuLty as the integrand

is singuLar ~ ~ = ~ . The difficuLty can be avai~-

ded by transforming to the parameter<7<.:

(21)

7

!Ir cf) - 1frc;?)

-z Z
<j/ - ~

-AA -

.
cx -

Tier) -==

y/(I) ,= ~ '
4?~/ (X (-1:)

~i6 then represented
representing ihe osciLLatioro by a point moving non-

uniformLy but periodicaLLy r~and a circLe at the anguLar

velocity

~I;, ·

3quation (13) then transforms to the foLLowing equation

for the ampLitude function (14):

~

~.
..1

1 ?ii{, (;p' - Y-;/ .cl", (241r l Ur<?) - Z(rVi)



where expression (15) has been substituted for the roLL

period at small amplitudes. The integrand

(25)

are

(27)

1 TJ /$jl
~z. z.

11f(
b
I~) ~ :i f. ~. Cf' - Yt

W, tf

I
;t(f<!} ~ Z(f'/i)

remains finite within the entire range of integration.

The values at the lower and upper Limits of integration

I p,!!%# -~
.

1
0m - '

w(c, if) = .Q' · <r
a"tI 'lI;(tp, f) ~

~
.! (26)

1/((j/) 10

'(~rIn4}'v.t':J ;

As the differential l~:f:f:i~~/ c'f'(ffif/enr

d4(/
=

d111
~

clW

da d~ do<

-1lv -



vanishes at the~ points f{;= eJ and CX = %
the vaLues are extrema. If the eurvature of the righting-

arm eurve is of eonstant sign, the funetion W is mono-

tonie in the range of integration and the vaLues (26)

are absoLute extrema. The ratio

a/(~ 0)
',uT(

0/ cp) I -z tI (p-)

,?,7. Arp;
(28)

(29)

flcf) =

is shown in fig. 2 for a sinusoidal righting-arm eurve

and a further empirieaL eurve representing a ship with

initiaLLy inereasing stiffness. f}/i;'J is seen td>.be

within 20 ~ of unity for a eonsiderable range oi roLL

ampLitudes. The integrand (25) is thus Limited to a

reLativeLy smaLL interval for moderate ampLitudes, so

that the integral (24) ean be easily evaLuated numeri-

eaLLy or by pLanimetration. For righting-arm eurves

V'iith eurvatures of eOH:::5tant sign the ari thmetie mean

of the two extremes generally gives a satisfaetory

approximation for moderate ampLi tudes. 3)

The roll period in ealm water ean thus be approximated

by the algebraie expression

TI,?) ~ ~.,
'j 1?il!, '1/-+ / It!. '1'

..
'

f

~ V' a(~) V. ~(r)

-/,) --



(30)

(31)

-1~-

l. e. by means of the ratio of the area under

tangent of the rightin{;-arm eurve to the area
~~ .-

eurve itseLf (both takenrthe angLe~ ~ and ~
the ordinates of the tangent and the eurve at

The free-roLL oseiLLograms at various ampLitudes are shown

in fig. 3a for the ship with a sinusoidaL righting-arm

curve and in fig. 3b for the ship with initiaLLy inerea-

sing stiffness. The dependenee of the naturaL period on

the roLL ampLitude isgiven by the eurve passing through

the maxima.

b) The normed phase integraL

rff) -
7r~

·

(;! ~(vJ)~ ·

·

·

whieh is equaL to unity for a Linear righting-arm eurvej

ean easiLy be evaLuated by pLanimetration. The j6{~)-

eurves eorresponding to the ship types of fig. 3a and 3b

are shown in fig. 4. It is aLso possibLe to approximate

the phase integraL by an aLgebraic expression. With the

substitution (21), integraL (30) transforms to

4-

P

'- -;:>

!
''Y/

.~

- 0 ~ ~ ~
('fJ = / -. CM

'"

()( cl0/

. (turf) 71
"

the initiaL

under the

) and by H,t' .yi1ib cf

the vaL ue F



+

where a is given by (22).

The extrema of ~(cx) at the vaLues <x;; cJ
/

are thus

7T/ Ir-/.2- I
et.

(32)

(33)

I
<'"'

'"
{1/ -'. . ,z t/t ( '1)

eX(v)=- cX(//) ~ d(~/7') = .
~

_"'{1_ z-
<,J. y

J (f) = ~( :flE.) =
1 _I.::

t(r'f/-;-
-<- .L

f(cf) J ~ y; 2-

,'i th

t
/yJ ) as in ( 28) .

For righting-arm curves with ourvatures of oonstant sign,

cX (0( ) is monotonie and ean be approximated by

d 10{ ) _ ! ~ ar'j1J . 1. /; i-~ ) '

I _ -.!- ) ~rv:7

:f 'I' I.- .J 11'1 I' 'I'~
f( 4

Iriff' (/7J:?}

-) 5-



From (31) we thus obtain the aLgebraic expression

(3~-)

cnergy

which wiLL be used frequentLy in the foLLowing..It depends

in generaL on the ampLitude and the righting-arm curve. The

expression is normed to equaL unity for restoring moments

proportionaL to the roLL angLe. For ships with increasing

stiffness, ~(~) is greater than one, as Lower veLocities

occur for shorter times. For decreasing stiffness~ ~(~)

f (r) = i 'f~ frjJ) f-
I/I-':~j

:3 I~ .- .f- -

'f
t(
f ('("7)

which is plotted in fig. 4.

c) We consider finaLLy the normed mean vaLue of the kinetic

7;frp7

1/ (<j) =:
-<:

_ /j - {(IY;Y

.)
. tIt(0

r:rCf// (" Uf<P)

-) 0-



is smaLLer than one and approaches zero as the ampLitude

approaches the stabiLity Limit. The upper Limit for ~I(i)
is two, corresponding to a body which can move freeLy

within a certain interval and is abruptLy refLected at

the ends. 'l'hiscas e is, of co urse, not rea Lizab Lein

practice for ships, and we can take as the upper Limit

8pproximateLy?7 = 15' . Thus
- - (ittt(',( I

(41)
I.f-)

(42)

j
.

1 t In- cJk,{'/

.

i.eaj~f Ji.;Iu E' ~5

CL ?c/yJ) 60
.

= .

rJ ( ft{q,r
.I - f.. " 41

/;
/fIIJ I~ U4t'U'(b;ft",,; tYllroJ (

The p (ciJ - curves for the two ships described above are

shown in fig. 5. The curves were obtained from the pLani-

metered vaLues of Ir;;) and cry/J as in fig. 3a and 3b

using the identity

T ), -;:. I

T (Y;), i/rf) '= rf(rf). J 1 PtVc~. <p '-

[I t(r (j/)

-/J t7 -



-.J
g.-

which can easiLy be deduced from the energy equation (10).

For ships with monotonicalLy increasing or decreasing stiff-

ness we can use the approximations (34) and (29) for pli)
and r(~) respectiveLy obtaining

--.._---
1-

j .f-

f
/rf)

-f
(43)

The approximate vaLues caLculated from this expression

are plotted in fig. 5.



(45)

4. Tlitt Steady 1'0 l l iStates in a -rA-a.nsverBe iweLl.

We confine our considerations to the steady roll states

of period T , for which
6

(44)

=0

- 19 -

(46)

From these equations certain general time-relations

between the excitation and the oscillation can be de-

c1uced.

cp ( t f 7;) ~ 'f (t ),

IvIul tipLying the equation of motion (1) with tf(t)

and cr(i:) respectively and integrating over the roll

period we obtain, using (7)

1
~

1
71

i
n

I "
~I. . I -n t <:.-

'7). '"
,

v
). ,~ 'f «f +

ri
lv ( Is'). 'f' I:If 1-JG, I. -It',/). 'I' t/I

t7l '!1

f
u (> 7;

J.~i. t.dl f Ip.~: 1- f! Jrij. 'f 111 -f ~1!jr'f/)'if-tII- 0.
'0 JL %1



(47)

(48)

a) ReLatio~8 b~twee~wave~ndshi~ periods.

The second integraL in equation (45) represents the

energy dissipated by the damping; it is always positive.

The remaining integrals in the equation must therefore

be negative, singly or in the SUIDJto yield the necessary

energy suppLy. The second integraL in equation (46)

vanishes if 7V1i) satisfies equation (9) describing

the free undamped oscillation in calm water or, in

other words, if the ship rolls with its natural period.

This integral is thus a measure of the detuning brought

about by the remaining two integrals, which cause the

ship to roLL with a different period T . If we nows
Let Tw be the period of the sweLL and ~, I~ the

period of a hißher harmonio of the (generalLy~~sinusoidaL)

osciLlogram,the first integraLsin equations (45) and
(46) wiLL then be unequal to zero only if

4 'P 7 '

.'7l
.

/S = It1/ ! ~ 2-4v1e;?r:

9n the other hand, the third integraLs in (45) and
(46) wiLL be different from zero only if

/! 177 rr /r

~'tt(1
. !s = I IV /

ru C?-i'~



The condi tiQns (47) and(48).can be satisfied by an

infinite number of vaLues n and n': In the foLLowing,

however, we shaL L confine o.ur attention to the two

cases n = 1 or n' = 1, disregarding the possibiLity

of muLtipLe resonances. This gives the mutuaLLy excLusive

conditions

(49) (50)

(51 )

'Tl r[7 77
/5 = 1/1/ ~ ';5 = ..z '&-,

b) Phase ~ecompo'si tion..

From equations (45) and (46) we can aLso determine the

reLative phases of the ship and wave motions. The muL-

tipLiers ~(l) and t(l:) are 90° out of phase, as

.~

i t'cfdi- = 0,

The exciting moment can simiLarly be decomposed into

two terms which are 900 out of phase:

J(~)= ; It) + J (i-) ,�Nt) .~ ß (I) -I-/J /1)
Cl r. I I / & /'1' ,

--:tj-



(53)

(54 )

(55)

-~~-

Vfe define as the active excitation the components

contributing soLeLy to the energy suppLy integraLs in

(45). For these components then

I~ ,
'

~.

r~ ' f" (k = v (lA 'I'
df = ';,

o

ConverseLy, the components contributing soleLy to the

detuning integraLs in (46) wiLL be termed the reactive

excitation. For these

7] 1;

!4r.;:,tif =t! / It~.t,cli =tl

c

With condition (49) equations (45) and (46) simpLify
to

(n
1 "

,

lc

[y. ;;;, 1- 141(7;). 0J 0 dt- = 0
(

(7f
t'

I I'J
f

Q, ty(,- ,/) ~

~/ L" ,(ti -+ J, y; .., r, /z((l/J . V/, tif = ()
J{) ry ,/ {,tl 1/

(52)



'Ihe roll stahs of the first kind are generated by the periodic

horizon tal acc~leration 1. (i):;< ~(& ),<!- accompanying

tne swell; they have the same period as the ewell. - The roll

states of the .econd kind are generated by the periodio vertical

acceleration4 (6) =?(6)J due to the .well and have a

period equal to twice the ewell period. In the first oase the

condition (2) i. weIl eatisfied. According to Kempt [5] the

roll number

Th. condition (50), on theother hand, leads to

c) Two kinds of roll state..

In a transverse swell we can thus dietinguish between two kinds

of roll motions (
'I: (i/ ~~ ~ (t),

- 23 ~

R = T. /#
5 I:B

(56)

(57)

/ (
!

111/ /s). 0r ;J, 7~ /z ((/,/
J) - 0 . dt zc ~/ rz / Cl T;J. f;:.

./(;

~
/5

f
/

j /:f~ r (I rl,.) ? iZflf./ '/{' Jf = 0,
{/



~y -

is not Lass than eight, so that for roll states of the

first kind

For rolL statesof the secondkind, condition (2) requires

R > /().

We shall therefore have to excLude very stiff ships from

our considerations of this case. 5)

(59)

(60)



5. 'Bh,.eHoLL 33tates of the )j'irst .ind, T = T ., s w

( 61)

(62)

(63)

(64) (65)

For roLL states of the first kind, the periodic

verticaL acceLeration r(i:-J'J yieLds no contribution

to equations (45) and (46) and is thus onLy of secon-

dary physicaL importance. We shaLL therefore set

j3lf)'~(} for the first and investigate the infLu-

ence of the verticaL acceLeration afterwards. The

equation of motion now becomes

Jr(j+i) 7- hI(Ts)0 i-?.Jtff/j) = 0

which by phase decomposition according to (51) reduces

to the two equations

/ ,I

:;. ,Ja f- Wl7;) y; = '1- 11! (tf )
)

J./i;. 1- i;) f P-'<typ ~ -1t~

each of which contains onLy components of the same

phase. The moment AC(t) contributes to neither the

excitation nor the detuning of the ship, as from (54)

and (55)

n 17]

j ;f/" ~ dl = Cl a"c/
f

l1/ r 0. clf .~ ()'j 74 '" 1/ /
C 0

25 -



a) The roLL ampLitudes.

If we integra~e (62) twice under the side condition

~(t) is a combination of higher harmonics which can

stiLL be disposed of within certain Limits.

We now consider the sweLL to be characterized by its

neriod T and steenness
~ w ~

rJ . We shaLL not take the

exact shape of the wave profiLe into account but rather

prescribe the wave-sLope function ~~(r) in such a

manner that ~(t) vanishes, thus enabLing easy

integration of equations (62) and (63).

- { b-

177
.. (w

i ~(t)dt = ()

([ .

o (66)

we obtain the active excitation

(67)

(68)

C
ti1o):; {)j C/jff7J):f} (F(FiS plotted in fig. 6 over the

ampLitude for the osciLLogramsgiven in figs. 3a and 3b))

t
Q (I/7;)! .

,V~ /t) = -
J

I

'J y:
(t), ?lf

Introducing the form factor

1 171
;~ s

r . --6'7,//

i
'r( cf) =- - 'TZ'

(/..)(-t), elf

Y'" 5 (1 T/



(71 )

the ampLitudes of the active excitation becomes

where

(70)

-- ~ 1 -

(72)

(73)

(74)

-
~ .:= Fry;).])(7;). t

J7)(7;) =
Ts, 111/71)

. 5,
~7T JI

As can be seen from fig. 6, F can practicaLLy be taken

equaL to one - at Least until more precise information

is avaiLabLe on the damping D. ExampLes of D are shown

in figs. 7 and 8J T~ determine the reacti ve excitation Jr/~)

we now make the assumption that its osciLLogram is simi-

Lar in shape to the rolL osciLLogram ~(i) :

~Qc(f)
= 4 . wir)v:;. - (,/ "f'

Equation (63) then yieLds the differentiaL equation

<'Y1/" ~
) .I' 1 /J w( .1 1- i . 0. + 'n(~) = ()

which is the same as (9) except for the change in the

moment of inertia. The detuning factor reLative to the

naturaL roLL period in caLm water is thus

'Ps -/1 i- J.-
'

7:{~) \j/



the same as the undamped roLL oseiLLogram in ealm water,

The faetor ean be greater or smaLLer than one, depending

"on the phase angLe between r'~/l) and t/)(i) . For the

amDLitude of the reaetive exeitation we find , with T = T ,
~ s w

(75)

so that

(76 )

b) The wave profiLe.

From equation (67) and (~6) we ean now determine the wave

profiLe eorresponding to the exaet soLutions found above.

The oseiLLogram of the reaetive exeitation eomponent is

-~g-

apart from the seaLe faetor (74). From (46) it ean be

shown that this eomponent dominates outside the resonanee

interval. The ampLitude here, however, is smaLL, so that

there is onLy a reLativeLy smaLL eontribution from the

higher harmonies. The aetive exeitation eomponent, on

the other hand, is the integraL of ~(t) , so that

here the nth harmonie is redueed by a faetor 1/n. However,

the aetive exeitation beeomes important near the resonanee

point where the Larger roLL ampLitudes entaiL a Larger

.J = ( ~: _
.,

1)' i'l'
, 707 { .p1J

/ 2..
'

~9 !i-i =
(

7Z _
A ~ (j)

,
,(t

.
~),7 / 'T'J:. /' (/ '/ ~

(0 ('1) /



pD~poRmp~mtQ~eBigher harmonics (figs. 3a and 3b).

The wave profile itself is finally obtained by integra-

ting the wave slope ,ßrt), which further reduces the higher

harmonie contribution. Outside the resonance interval

the profile is approximately equaL to the integral of

the basic oscillogram ~(i) for smaLl ampLitudes, whereas

near the resonance peak it is approximateLy equaL to the

second integral of the basic oscilLogram for large ampli-

tudes. The ~ifference between a sinusoidal profiLe and the

profile obtained in our case ~ thus ~c~e~~~d in view

of the inherent difficulty of defining the profile of an

actual swell at sea.

c) The response curves.

Having determined the fundamental function ~(~; ~~(~
ci.

it is now simple matter to evaLuate graphically the

response curves yv{~~ ,~)
, i. e. the roll amplitude

~ as a function of the square of the exciting fre~uency

W ,;:::
~77'W'

'

with the eifective wave steepness i),

as a parameter. If the skeleton curve <f (YoJ is

plotted in the ({.U~~}-Plane, the value co':<' correspon-

ding to a pair of val ues (~/~) can be obtained by

projection,using

t{(y)): tJ2 = ('<j/'f-~)/ y;
(77)

29



citation has first to be determi~ed. If the ascillo-

grams %(fJ and ~!t) are sinusoidal,

(which is indentical with (75) ).

If the amplitude of the reactive excitation is known

we can thus construct as many points (w~ y:;) on the

response curve as required. The method is illustrated

in regiOn@ of fig. 9.

In the id~alized case of a ship without dampingj .JZ~

equals~~ . ~he signs correspond to the two possible

phase angles between ~(I) and ,~(t) and must both be

considered. In this case the respbnse curves can-be con-

structed immediately and are plotted in figs. 10a and

10b for the fundamental functions shown in figs. 3a and

3b.

In the general case of finite damping the reactive ex-

-'"3 0 ---

(78)

In applying this relation to the general case of non-

sinusoidal osciLLograms, an appreciable error a~ises

only if both ampLitudes are of compar~bLe magnitude.

'rhis is neither the case eLose to the resonance peak,

where the active excitation dominates, nor further away
.J

from it where the reverse i8 the case. We shaLL accept

~ = + ()" J;
~=



kind can be obtained anaLyticaLly from (70), (75) and (78):

in the following

this smaLl error;i; order to faciLitate the representation

of the response curve~The curvescaLcuLated using (78)

are shown in figs. 11a and 11b, with D(T ) = 0,2 and
s

F(9) = 1. The reactive excitation ampLitudes were de-

termined as shown in region Ci) of fig. 9. For constant

D 2nd F = 1, equation (70) becomes

straight Lines of sLope+ D:l.

The response curves for the roll states of the first

_ 3 j-

(79)

(80)

(61 )

/~ = /), U;
Cl Y f,

In the resonance case .~ = 0 therefore

7
~~JJ,(j/

. (~

so that (78) becomes

/I) = + ]),
.- 0 ""

1-/
(,

The Length 4/)) for a ri yen ro ll amp litude <p<
cf/?'e5

is obtained from the quarter circle of radius ~~~= ~/jD

(fig.9 - the radius can aLso be Larger than ~~) by

Pythagoras (shaded triangle). The reactive excitation

ampLitudes themselves can then be obtained from the two
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Y
r- ~ _2.-

l-
1} = '[:'_ - J) + h;;)-.ß (7;;) , er

1-
(1 (~)

(82a)

or,
b)

in terms of the angular frequencres J

aß ~-I(fl ~~) - 1):- 1ft), j)(~llf
z-

(82b)

d) Stable roll states.

The roll states derived above all satisfy the equation

of motion (1). It remains to be investigated, however,

if they can also be realized physicaLly. This question

is of particular interest in view of the existance of

multiple-valued regions of the response curves.

If we confine our attention to steady roll states. the/

question of general dynamic stabiLity canGot be immediate-

ly answered. We shaLl therefore formulate astability

criterion which is applicabLe to our response curves

derived for the steady rolL states as follows:

~e shall regard a roll state as stable if for a given

ueriod an increment in the magnitude of the exciting

amplitude leads to an increment of the same sign in



( ;;Lh' )
'",--,' i ..J

the maGnitude of the oscillation amplitude. AnalyticalLy,

c
-2-

;)
~-:- '/ 0-:-,L

ICJy/
(83)

If we now consider the response curve tanGent for con-

stont D,

(34a)

or

- 3j -

we find that in both cases for stable rolL states

(e > 0) the tangent is positive to the left of the

skeleton curve and negative to the right. The tangents

become infinite on the boundary curve separating the

stable and unstable region~ for which e = o. From the
and

amplitude relation (82b)(Vvith F = 1 the limiting curve

of the stability domain can be obtained in form of the

cr"uation

.-2-
9i~ -

0

1-rT.i:-i

J
~ =

_ ;':Yfw~~= _ 'f". ~w -J
I

. .- 0~ _.~
b;; z

'P' 'Ci ;f~
(!, T.rf) ,?;(cf) 1)

-L.
(),~ I

01<; = _ .;)@<==_ pU7pJ.I~~y7~
-1

..

)

ci UJl.
.z '-. 0 rpq2-

CI Ce)t; (- 4J'-I )
'f ldy?L..
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From this equation the boundary curve can easiLy be con-

structed. NegLecting the damping for the first, we obtain

the two soLutions (the bracket-terms in (85) being zero):

- 3 L-f -

(86)

(87)

( ;::;,r ),-,0

~ ~ ' L
tu =)f; (i) ~(li /(,;''-= {, (Y;/

The first soLution is the skeLeton curve; the second is

reLated to this curve by the equation

2-- d ' z.__ 1.-_.- U(5Y/

~(P/ =~(p) T~" J~-

In the construction of the Limiting curve U 7C;;J
/
as

shown in fig. 12, each point of the skeLeton curve has

been simpLy translated LateralLy by the subtangent Length

s = j'f' ~/j:)1 .Introducing ~l-(rp) from (87) equation

(85) becomes
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I L

~
. " 7- /1, ( -I) l-

C =' (f':,~) - J). (
"uJ~ -1. + Y( uJ) ~ t'

(88)

For D = 0, C is negative in the reGion between the two

Limitine curves found above, so that this re ion is un-

stabLe. ~or finite damping, the unstabLe region becomes

smaLLer)as can be seen from (G8). To construct the Limi-
L

tine curv~ in thc case of finite damping we rewrite (88)

in the form

(;/(<1) -4;7' (Jfrp) - ",j + ~~ß(tJ-l = O.
(89)

a.nd app Ly the CJUt9:1:.dLaw. ihe damping function lJ(c;V) can

~0 L
be arbitrary. If w.J/Iu;) is drawn beLow the uJ -axis,

",z,

"-the abscissae ~/w" of the Limiting curvel for a given 'f

are obtoined as the intercepts of the curve with the

semicircLe drawn beLow the wt-axis through the points

Vo~ljJ) J{;.(tiJ) on the axis. The diameter of the semieircLe is

int:rE3ected normaL Ly in the points fW'12 and ~2
2 by asecant

of hOlLf Length fi?-.D (W)
I
gi ving equa tion (89). The rnethod

i8 iLLustrated in fig. 12 for constant D = 0,2. The

8haded recions of instabiLity in figs. 10a - 11b were

determined in this way.
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e) Probable roll states.

Eaving determined which regions of the response curves

correspond to physicalLy realizable states, the question

arises which of the different possible states for a given

period will actually occur in practice. This is asta-

tistical problem/depending on the initial condition of

the ship and the random moments which could bring about

a transition from one state to another. These effects

lie beyond the scope ofour considerations) whiCh are

confined only to steady roll states. However, the following

two comments may serve for a general orientation: Firstly,

we sba.f;L expect ro ll sta t es of larger amp li tude to be less

probable than those of smaller amplitudeJas their higher

energy content has to be imparted to the ship initially.

econdly, in experiments with a navipendulum correspon-

dini" to a sinusoidal rirhting-arm curve) the author always

found that the higher energy roll states could be realized

only with ereat care, very small disturbance sufficing

to cause transition to the lower-energy stateo The phe-

nomenon became more marked the higher the energy of the

state. Energy considerations and experiment thus suggest

a greater probability for the roll states of smaller

ampLitude. The random disturbances which in practice

are aLsways superimposed on the swelL will seLdom give

the ship just the impulse required for transition to the
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-!1
higher energy state, though they will generaL be strong

enough to disturb th~ state on account of its smaller

stabiLity.

f) The infLuence of the vertical acceleration.

The roLL states of the first kind as derived above wilL

be sLightLy modified by the periodical verticaL accele-

ration which we have so far neglected. To obtain an

estimate of this infLuence we substitute the variable

factor 1 + ß (t) in the restoring moment (see equation

(1) ) by a suitabLe mean vaLue 1 :tE.llt during the

appropiate semicycle (O<E< 1, - the sign is positive

in the wave trough and negative on the crest). It is

then seen immediately that the time required for a semi-

cycLe is reduced in the wave trough and increased on the

wave crest by the verticaL acceLeration. The total period,

however, remains the same, as for roLL states of the first

kind
'T];

Jj3. /tf'/'j, '1'"
vif

i) i

=& (90)

i. e. the detuning equation (46) remains unchanged.

A further result due to the verticaL acceleration is an

unsymmetry of the oscilLation. This is particuLarly

marked in the resonance case rlt = O. The roLL osciLlo-
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gram 1,{(t)here Lags a quarter of aperiod behind the

\'lavesLope J(!:) = ~(b-) (eouation (67) ). On a wave

erest the ship therefore has a maximum angLe of roLL,

!t~ direetion being ~~r~~ the Latest wave sLope, i.e.

to Lee; in a trough the ship has its maximum windward
th. ..

roLL angLe. Outside oftresonanee ~~~~g~he maximum

roLL angLes oeeur earLier or Later. As the restoring mo-

ment is smaLler on the crest than in the trough, the

Lee roLL angLe wiLL be greater than the windward roLL

angle. This resuLts in a meanheeL to Lee ~
rolL oseiLLogram

of the

I;l~) == y:: .~ ~(&)
(91)

To estimate the magnitude of ~ we equate the potentiaL

energies of the two extreme positions:

j-:r- f:- ,(/3;/ 2I(~ t- <j) = /1 r c"//3i},t(t 'f- - ?) .

Expanding U in powers of ~ and making use of the

symmetry of U we obtain in the first approximation:

(92)

(93)

[
~ 'UIYV ..

4//. .;. u)):t tI!'f!.- ij) ~

. ? 4(<fi)
VlIY::: T

~<f'-'
.

and thus finaLLy



/V!-I
I 'f /

where q( 'f ) is the function defined in (28) and plotted

in fig. 2. The finite mean heeL angLe does not invaLidate

our original approach, as ~ has no influence on the

angular acceleration. However, we mus~ emphasize subse-

quently that the amplitude ~ should be taken as the

amplitude of ~ (t) .

- j q -

~>. lI{~)'/j1L
<,,('1)-01

If ,? I.,j cf)

(94)



(96)

Go Th~ RoLL Gtates of the Second ~ind, Ts = 2 Tw.

In the roLL states of the second kind the periodic

variation of the apparent verticaL / J(t)! yieLds

no contribution to equations (45) and (46). We

shaLL therefore set

c.plt) ~ er1t) 51'/1;)
(95)

for the first and conside~ the infLuence of the

variation in the apparent verticaL Later. The

equation of motion then becomes

J.i

i.
"f- 111(7!) 0 f /4 f/(f:J)/ ? -Ar%) = ~

- t;c)-

which can be decomposed again into the two equations

h/(7]). i f
ß' ? 4rff)

J.!
Yk +rd+?~},?-'-(({)

I

~ + IV'ri-)
.:ö

(97)

~ - IVlf)
.z ' (987

containing onLy components of the same phase. The (98)

moment 1V~(i) again has no infLuence on the exci-

tation or detuning of the shipJas from(56) and (57)

( 99 ) ( 100 )
.~ ~

!tv;, ·i '
di = 0 a-)-!;f{.

'11 · 111 =tf,
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N~ (/;) is a eom'oination of higher harmonies whieh ean 'oe

disposed of within eertain Limits. It eannot vanish

identieaLLy, as the terms on the Left of (97) have

different periods. It eontains essentiaLLy a eomponent

of period .1 7~ . We shaL L postpone the diseussionof

this term ~d,'l Later, however.

If we again disregard the pEeeise shape of the wave

profiLe we ean prescrib'e' the' periodie~Ü vertieal aeee-

Leration in a manner enabLing simpLifieation of the

anaLysis. We shaL~ thus ~eLate the aetive and reaetive

exeiting moments (whieh must satisfy the eonditions

(52) and (53) ) as simpLy as possibLe to the pdJtential

energy (11):

(101)

j%
(t) = -Ir ~ur'/{).f- uro/ 1j ~i (jef)

(102)

jJ,/t) = Ir.~-<!~urr;:1+ r i If:(t); (dc~)

where

()
"" ur<?) ==

.1IrrjJ)
~ i f; 1:1:).

(103)

fi('<f) / ~

-'1 l --



where

(106)

(107 )

- Lf ~ -

The active excitation amplitude ß is aLways positive,

whereas the reactive excitation ampLitude I~~ can aLso

become negative)depending on the phase angLe. ßo is a

constant chosen to make the mean acceLeration vanish:

/~

j rfiJ,dr = 0,
(104)

The equations ean also be written in the form

_
'I. (105)

/fr) = -j2 '~(~r~-11 +;4
(us-J

ß' ~ -rP) - r"'~ <Jr(C)0

f;- ~
jJ' k/D I ,12. = ~,

Rare r is a phase constant and ('li) tha (non-uniform-

Ly) varying phase angLe_ The ampLitude of the total exci-

tation is given by the exact expression

-z 2-

I ~

ßr +/

As the active excitation oomponent (101) is symmetrical,

it yieLds no contribution to the integral (104),so that

Bo depends only on the osoillogram of the reactive exoi-

tation component. From (102) then

-
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(108 )

-.1

(4~!)

where Tw can aLso be replaced by a multipLe, ~p9.by

Ts = 2 Tw. The function r~(~J differs from the funda-

menta.L func'tion ~ IV)
.

gi ven in equation (35) as the

oscillogram Vf.(;t} of the forced oscillation is not

the same as the oscilLogram '~o(.f)of the free oscillation.

It will be shown later that to a first approximation

(109)

( 40Y)

a) The rolL amplitudest

The amplitude of the active excitation component can be

obtained by substituting (101) in (97) and evaluating

the integral (99). With (11) we find

(110)
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"where the root has thesame sign as
~'ri

.

The pLot of the integrand on the Left side over U{~)

is a circLe of radius 1/2. Ast((~ completes two osciL-

Lations in the time Ts' the Left side of (110) is equal

to Ä"
tlrji.~ so that the equation becomes

(111)

The first factor 1s twice the dimensionLess damping

coefficient of equation (71). If we alLow for the modi-

fication of the ~ It)-olilcil Logram bJT the reacti ve ex-

citation ß(~)
/
the integraL can be reduced to

'2&(Cf)

defined in (35). It will be shown Later that to a first

approximation-I'! (" (ON (rl...:?

/

'= '0lf/( 112)

/,1/.0
f /

/ Jj
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The ampLitude oi the acti:v:e~xcitation can thus be expressed

as the product

As we have negLected the depedence oi the damping on the
ocLso

roLL ampLitude we can with the same consequence(QegLect

aLso the dependence oi the active excitation on the ampLi-

tude. This can be ~urther just~fied by the fact that ex-

perience indicates an increase of TI with the ampLitude

(fig. 8), whereas the mean vaLue ~(~) decreae~fi'fig. 5),

the tvJO effectsthus tending to cance L. lVithin the Limi ts

of these unceiFtainties we shaLL thus use thesimpLified

formuLa

In contrast to the roLL states of the first kind, where

the active excitation was essentiaLLy proportionaL to the

roLL amPLitude~~he active excitation in this case is

practicaLLy independent of the roLL ampLitude.

This means that roLL osciLLations of the second kind can

be generated onLy if the sweLL exceeds the criticaL

vaLue

(113)

(114)

(115)
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The ampLitude of the reactive excitation üej,jl~ deter-

mined by (107),and is aLso practicaLLy constant for a

given sweLL strength;0 .

If we substitute the reactive excitation (102) in (98)

and negLect the higher harmonie eombin~tion /~,(t)
~

for the first, we obtain the equation of motion for a

ship roLLing in eaLm water with a modified restoring

moment given by

A (rr) = jj + ;3I1J'f}' --Iz('11r I '2 .

=!~j3- I-rr(t --Zelf'!'! A,W,

We ean then derive the foLLowing expressions anaLogous

to equations (11) - (13); for the potential heeL energy

~ E!-IYf). 'tly
(

!I( 'I) f +;30),f//</,) I-ß..,itlifJ.f- v(J/-

for the totaL energy

(116)

(0/16

(117)

(-//1/)

(118)
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and for the time dlfferehtiaL of the' förced osci LLation
'h

({ /

d~
.

J/~(i')- ~(<f)

d~
I

rt/J(f) - ßt(<1/,l(f- r" -r'" Ur '1')
I

(119)

(//f)

Introducing the time differentiaL for the free osciLLation

?*Ii) given by (12), equation (119) becomes(fig. (13))
/

- IIf.

tlt(~)
,

VA ~/o '-~7" ~rrJJ'
.

and the period of the forced osciLLation

tlf

iJ

14 r- -/r'
?< '$;'

The detuhing factor

-g
II ~jJ/)-r"r' t:I (f4j, tIf

(120)

(121)

(/,? Ij

(122)
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resulting from the periodio verticaL acceLeration is thus

the mean vaLue of the expression

-~
-

;31'
p U!

$!l

taken over the natural period.

The exact evaLuation of this integraL is generally very

difficult. We shall therefore Limit ourselves to an

approximation of the first order in ~~ which is valid

for aLL< Cf (see also (108) ):

-~
.

{brc-ß' ~!$'j = f-l;1,.,/A-«/i)-Uf#J)r,,

(123 )

The condition for absolute convergence is

(124 )

As wiLL be shown later, this leads to the conditions

- ~rf..~ <?r-"::::::. + 6) rf3 for decreasing stiffnessI

(125)

-(j~ <:: /1 -ft1 ft for increasing stiffness.
'( I -,r..c.

I'

With

~L
(cf) R:

JI;
('y)

and - see (35) -

7.~'/'-;ij
::~), cl! ~ -I - f t/V)



the detuning factor then becomes approximately

b
}.-i--'

le ("f)

(126)

(/L~)

As T = 2 T ~"e have thus derived an impLicite represen-s w 'u . .

tation of tbe response curve~of the second kind. A trans-

formation to the exp Licite form <f (~/;J cannot be
carried out,as the functions /;:("p) and ~ r-C;:) are

transcendent. However, the two branches of the response

curve corresponding to a given reactive excitation ampLi-

tude +/~rl can easiLy be gained from the given skeLeton

curveTrcP) using equation (126). The resuLts are plotted

in fig. 14a and 14b for the righting-arm curves shown

an d (i3r / = 0, 2 .

We have found that the roLL period of a ship is onLy

sLightLy detuned by the periodicaL vertical acceLeration.

RoLL states of the second kind are thus not possibLe for

curve, however, the ampLitude may become dangerousLy Large.

b) StabLe roLL states.

]lrom (107), (114) and (126):

Ä.

(
rp

~
-<-

/3 - ~ - i
.

/1
/ -

\

7;rcpJ
.

~

2c~('P)
(127)

- ~9 ,...
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~f.1odetermine the stab le regions. of the response curves

we apply our stability criterion of section 5d. For

stable roll motions we then have

{};2_
L

'd <f1
'L-

The derivatives of the response curves Y; ('7,;/;1) for a

( 1 28)

given wave strength ß = const, are

-
91/Q 7;

9fl?r
. = ~ftl;;n

-G~'
(1

(129)

The response curves thus have infinite derivatives on the

limiting curve of the stability region, C = 0, and aLso

on the axis lf'= ()
·
From (127) wefind further for

constant D

-
(130)

This yields the following ruLe for the response curves

of the second kind (plotted over either the period or the

frequency): For stable rollmotions the curve tangents are

positive on the left of the skeLeton curve and negative

on the right. This determines the sign of
~~

:



for increasing stiffness
r

(131)

for deereasing stiffness <

The unstable parts of the response eurves are shown dotted

in fig. 14a and 14b. In the following it will be shown that

the dotted interval on the T -axis, eorresponding to thes

trivial solution C/i(t}s= 0 of (96), tOr whieh our stabili-

ty eriterion is not appLieabLe,is also unstable.

e) The eritieal period interval.

In the Li~iting ease of smalL amplitudes

(132)

and

(133)

This ease is partieuLarly useful for studying eertain eha-

raeteristie properties of the roLL states of the seeond

kind. NegLeeting A{ro (98) beeomes a Linear (Hill) diffe-
I

rential equation

)
< I

".
'~

(134 )
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(135)

equation (102) th&n Leads to the non-Linear differentiaL

equation

(136)

for the steady roLL states. This is the free roll equation

for a ship in caLm water whose righting-arm curve is a

cubic parabola:

(137 )

The rolL oscilLogram is therefore not sinusoidal, the

difference increasing with the ampLitude of the reactive

excitation. NevertheLess, the period of oscilLation is

independent of the rolL ampLitude, as the latter is

proportional to the stabiLity Limit of the righting-arm

curve (137)) (i. e. to the angLe '/2= '1(12)for which the

expression in recfumnguLar brackets vanishes) - the proportio-

ampLitude -
depending

-(...

'f

Y!R;

only on the reactive excitationnaLity factor

.<;/J.{'

/I f fo -f!>" (138)



r~ ~rp
~L I

(141)

(

(4- P~foJ//7 rp
( (jy,/)

(/ I
J

-53-

The response curves therefore run paraLleL to the ordinate

axis so that cp
I

is variable independently of ß . The

resonance states of the second kind are thus indifferent

for smaLl amplitudes, as the expression (128) vanishes.

Using (133), (135) and the substitution X = Y(".>V ,the

roll period can be obtained from (119) as an elliptic

integral of the first kind:

(139)

( 1 40 )

The excitation can~lsobe expressed as a function of the

parameter k2 by means of elliptic integrals. From (140)

and (108) we obtain two simultaneous equations for the

ampLitude of the reactive excitation



with the soLutions

.)
/J _

/ ,'7"

,Z-

'i--
_.

~ - Iz, L 1- /G-(ti))

1---
12. [ 4-?z rvj)

.4 - k.z-[4 - ,?z ~)}

Using equations (119) and (135) and the substitution

x~ 0/0'
the mean vaLue

'TJ

t (4) = i; jü - u rr.-I d'1-

which depends on the osc~lLogram shape but not on its

arnp L i tude) can be wri tten

1

so that from (133) and (139)

where lDis the compLete esLiptic integral

(142)
/

(143)

(144)
/



ith the aid of (142) we can thus determine both the reactive

excitation amplitude Ir- and the roll period (139) as

functions of k2.

To determine the active excitation we evaluate the mean

value of
?f'

(<f') defined by equations (111) and (113).

For smaLL ampLitudes Cj/--C , we find from (118), (117),

(132) and (135), with I = ~yt

(147 )

This expression can also be reduced to the complete eLliptic

integral~sK and ~ since

1

j If<-~~(I-k~;:dx ~ -{ K - Jft+ I? '), D
( 148)

Using (139) and (133») the expression (147) then becomes

O )
(149)

_ IN"). 21</ _ .,

/b ;::: LJ)(r~ 0-0(0)

/:
L:g ~!...

In fig. 15 the active exciting amplitude ,/-nand the detuning

factor ~~~~) are plotted over the react~ve excitation ampli-

tude for constant D = 0,2. From the figure we can read off

the magnitUde;s and phase;o of the excitation (~ ilre/



equ.ivalent components /Jä and ;Gi"
) required to sustain a

roll state ef small ampIit~de within a finite interval

around the natural period T (0).o

The figur. i5 also useful for explaining qual~tively the

naseent state of the roll motions of the second kind and

the way in whieh the final steady state i6 attained. If

twiee the value of the exciting period , 2 T , ~ies withinw
the interval determined by the are of radius ;<f about

the origine, the ship becomes unstable as soon as the

periodie vertieal acceleration exc..da the critical value

f3 crit (whieh is practieally equal to 2 D(T ) as the_ 0
curve is only slightly inclined to the .;3.r-axis). The

active excitation ampli tude j3-:~~ then exceeda the

damping value .2_ß/7J).;;i'!) and after an initial random

impulse the ship begine to roll with the period T = 2 T .
oS w

As the initial roll amplitude can be assumed arbitrarily S11t.J

for this argumentation, it is seen that within this critieal

period interval the trivial solution 'I;/i):: 0 of equation
...

(96), to which our eriterion (128) could not be applied,

represents an unstable roll state of the seeond kind.

Using (126), the eritical period interval determin.d by

th. are in fig.. 15 ean be written for small
I ji.,...1

in the

approximate form



'--r-7 }
15

-11 <-~

7j(o)

~57-

(150)

Under the said conditions the roLL ampLitude increases

after an initial random impuLse untiL a point is reached

where the reactive excitation corresponding to the changed

naturaL period 7;(0) reduces the active excitation ampLi-

tude A = +1)% ~j3:?'
7

to the val ue Z .J7(7's). l/b ry;) j ust

balancing the damping. As the active excitation (113) re-

quired to balance the damping scarcely varies with the ampli..,.

tude, the final steady state is attained primarily by de-

tuning,(see figs. 14a and 14b) It can readily be seen that

the state is stable,~ a larger rolL amplitude would lead
.. ckrCL '12.u.

This wouldto a further

necessate a larger reactive excitation, which could onLy

be yielded by a larger total excitation - provided the

damping does not decrease excessively with increasing ampLi-

tude. Ou~ stabiLity criterion (128) can thus also be under-

stood from this view-point.

We have seen that roLL states of the second kind will

always occur in the critical interval (150). Outside this

interval, the trivial solution ~(t)=o is stable, so that



a speeifie impulse is neeessary to bring the ship into a

non-trivial roll state of the second kind. Although all

kinds of impulses are to be expected in a seaway, the

probability for the impulse required is relatively small)

as not only must it impart to the ship a large amount of

energy, but it must also have just the right magnitude and

phase.

The maximum ro II ampl itude v--''

Ü(I/'I/(
whieh will oeeur with

eertainty is marked in figs. 14a and 14b. As the point

representing this roll state lies above the limiting point

of the eritieal period interval)which is also the limiting

point of the (dotted) instability eurve, we obtain the

following equation for Y;~#r ',using (126):

(151)

In solving the equation the sign rule (131) has to be ob-

served. For normal values Qf I~.., I
the steady state will

be attained by a relatively small degree of detuning. The

quotient 'l(~qK') ==: ?;r~J')/7;(,,) is then only slightLy

different from one so that it ean be weLl approximated by

(29). If we further set (see figs., 2 and 5)

(152)



the two expressions under the roots in (29) become approxi-

mately equal,yielding the (somewha-t crude) appr0ximate

formula

7'/

~
/

)
«( ,
.

UIIN

(153)

From (153) we obtain the following simple formula for the

maximum amplitude occuring with certainty:

(154)

iJ1hisexpression can be easi ly eval uated by intersecting

the righting-arm curve with the straight line passing through

the origin whose s lope is (; ijb-'t'")- times the s lope of the

initial tangent ~#. ~ of the righting-arm curve. The

algebraic solution of (154) for 4(f:J = Mf,~,ttr-qt'/

is

~-- (155)

From (131) it follows that the solution is real.
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d) Appendiees.

~ Infl uenees of the wave stopB

harmonie eombina tion ;(;:;(t)

and the higher

.
Je eonsider finally the infLuenees of the periodi-

eally varying apparent vertieal direetion J;r-t)

and the higher harmonie eombination A((~) whieh
<.J

is given by (97), (101) and the oseiLlogram Y1-(c).

\7e can use hereby the resuLt found above that for the

maximum ampLitude oeeuring with eertainty in roll

states of the seeond kind the natural period 1T;'(y~ )
U(~;(

is (1-11r)- times the natural period at smal L ampli-

tudes - i. e. the infLuenee of finite amplitude is

in praetiee only of the order of a few percent. In

the eritieaL period interval the ship ean thusbe

regarded as a quasi-linear system. Its motion ean

then be represented as a superposition of the three

so Lutions wie), ~ (i>~ 't3'
(i) of the differentiaL

equation (1) eorresponding to the exeitation by a)

a) the periodie variation of the apparent vertieal

direetion v~rz)
I /

b) the periodie variation of the magnitude of the appar8~~

vertieaL veetor. Alc)..!l.
I/~ '7/

e) the moment 4(6) representing the differenee between

the exeiting and damping moments.
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The sum of the three solutions gained from the diffe-

rential equations

- (156)

I
'''-r ' ·

'~ T/; Tß(I j, Piz!
'/:)

(

(157)

_ -;V(i) (158)
.z

.

must be sufficiently small.

According to (5b) the exciting functions

.;zrrf
have the same amplitude ~ and period

//](t) and ,~(i)

Tw but are

900 out of phase. Their phase Lag relative to the roLL

motion of the second kind ~/i) of ueriod T = 2 T
~ s w

depends on the damping and can be determined f~om (101).

The situation is iLLustrated quaLitativeLy in fig. 16

for the case ~Jr~ 0 where the verticaL acceleration

;1/~)'J of the wave just exceeds the criticaL damping
.

.tJ)(~)& . ASßli) (here ;:;;~/i) ) and

are of opposite sign/ the ship wiLL be in its

vaLue

position either of static equiLibrium or of maximum roLL

on the maximum wave sLope, for which /'9lt) =-tT . In

the wave trough j3lth>C7 the ship roLls tOvJardsits

static equiLibrium position and on the wave crest /1~)~ c-



in the reverse direction. In fig. 16 the successive positions

of the ship are to be read from Left to right. The wave is

approaching from the right and the maximum roLL angLe

! I Y:{ ( oecurs on the rear sLope of the wave.

On this roLL motion we now superimpose a motion of the

first kind Cß (t) of period T . In the Linear approxi-w

mation the differentiaL equation (156) can be written

I " .

J
.
I 11 (:

J

(..
.

)
1

I / (j/ f. /l/'
.
/ .f

&/V (75' ,,,U
/

! / r;;
)1 ,

1- .
,y UI

.( . T/ J

~ ~~~~/75 being substituted for the ship's naturaL fre-

quency. As the exciting frequency t.cJ
"'"

~Yt-r ~ .2)l. is we LL( W ..

away from the resonance point we can negLect the dampin0

obtaining the approximate steady soLution

The angLes of roLL on the rear wave sLope are thus

J!
The maximum roLL angLe ~_ is directed towards the wave

crest i. e. to Lee. From (114) the wave steepness J~~fil

is equaL to ~J)(n) at the criticaL damping vaLue. From

(159) we can thus estimate the LargestroLL angLe for

simuLtaneous roLL osciLLations of the first and second

(159)

( 1 60 )

(161)
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kind:

(162)

In the higher harmonie eombination ~(t) the dominating

term is the third harmonie

(163)

For the Limiting ease of a sinusoidaL oseiLLogram this

is, in faet, the onLy term. ~ lt) has {ts maximum N.- ..
vaLue N when the anguLar veLoeity <f'.]; is a maximum.

Using (118) the ampLitude is approximately

( 164)

for small 1//i~1 . If we now substitute

1/
3

(165)

for the ship's naturaL frequeney (see equ. (32) ),

the approximate steady soLution of (158) in whieh the
)

damping can be negLected as the exciting frequeney (163)

is weLl away from the resonance vaLue, becomes

(166)



!~/i- )
~ ----.

<f ); jJ;

(166 )

f[1he amp l i tude is

(167)

As D(Ts) seldorn exeeeds 0,2 for ships the amplitude

(f3 of t~e higher harmonie generated by the differenee

moment~j2./i) is only a few pereent of the total roll

amplitude.

11. The mean values

We next investigate the influenee of the reaetive exeitation

,3'if"lt-) on the mean values .~~ (y::) and ?/3(Y") defined
/ /' {/.

in (108) or (111) and (113).respeetiveLy. We eonsider

first the integrals

( 168)

(169)



Transforming to the time differentiaL of the free roLL

osciLLation 'tc/i) according to (120) we obtain

and with (118) and (117)

Expanding the roots and using (108) and (126) we obtain

to the first order in ~~

The expressions invoLve the mean vaLues of the function

!~- 2t(~j and its square.

Using equation (35) and introducing the symboL

rlj

L1:::: 4_ fp~:~/ ci!-
7c: {Y-~

a

(170 )

(171 )

(172)

(fl-L)
(173)

(174)
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we can write

(175)

(176)

Now the mean square of a vaLue is aLways greater than the

square of the mean vaLue and further

(177 )

so that the foLLowing bounds can be given for

(178)

'/Je can ju«qucaaywe LL wri te

(179)

( 180 )
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The inf Luence of the reacti ve exci tation onf.{/r?)

and can thus be estimated by the formuLae

111. Theconver.ence interval of the ex ansion

To determine the convergence interval of the expansion

(123) we write (181) in the form

with

tf !
.~

- ( '-)
~==: - ,0 (cb). -l - 0 I w)

..
/ 1-drf pI' r /~ r! ,

The convergence condition (124) then becomes

(181 )

(182 )

( 1(3)

( 184 )

(185 )



with

( 186)

The convergence interval

( 187 )

can thus be determined from the intersects of the famiLy

of parabolas

f
( 188 )

with the two famiLies of straight Lines

( 189)

The parameter intervals of A and m fOllowl from (41),

(103), and (180). The curve families are shown in fig.17.

The abseissae of the two points on opposite sides of the

y-axis which lie nearest to the axis are the limiting

values j3z< 0 and j3..d>
() of the convergence intervaLj

as aLL~3~ lying b~tween these Limits satisfy condition (185).

The intercepts and the corresponding convergence intervals



are shawn in the figure far t~~ = 1 and(~ = 1,5.

Having determined the Limiting vaLues af the parameters

A and m fram the intercepts nearest ta the y-axis the can-

vergence intervals were evaLuated numericaLLy:

far = 1,0 (decreasing stiffG8C
(190)

far = 1,5 (increasing stiffncs.
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Abstract

The treatment deals with both free rolls in calm water

and steady states of forced roll in a swell, considermng

a nonlinear righting arm-curve and damping. As to calm

water, formulae are given for the frequency of roLL as

welL as for finding the damping moment from the decrement

depending on the amplitudes. As to sweLl, response-curves

are derived by way of harmonic approximation. A criterion

for capsizing under the infLuence of exciting movements of

constant amplitudes but different frequencies is given by

the "Hyperbola of Safety". After discussing the exciting

moments in a seaway it is shown as to how a "Curve of

Safety" can be obtained by which it can be decided if the

ship must capsize or may mot. Influences of course and

unreguLar waves are not considered mathematicaLly.

Comments to G. E. PavLenko: "On the Theory

of Roll with the Aspect to the Safety of

the Ship in a Seaway".



j
C6

d6)
.4 T='r

() Vzr <j(&-')-tfre)'
where r9 denotes the angle of heel, (§.J: its amplitude

and ~ the potential energy dtvided by the moment of

inertia. In order to avoid the pole at & =~ Pavlenko,

substi tuting ~ = ~). ~:ZJ ' uses the formula

~

: r~ !U)r6b;j -,;. '<ir . /
()

2

1) Rolling in calm Water
'/'7""7

In calm water, the period of roll is given by the

well known integral

I

where F(~) denotes the

by the moment of inertia.

ways finite, this formula

5 --+ti also 8 tT

righting up-moment devided

As the integrand now is al-

can be planimetered. When

and

Fig. P1 shows how to find the integrand from the

righting arm-curve; the result of the procedure

has been plotted in Fig. P2 which also ~ows the

result of the approximate formula

--J--~~~~:~~e~~~~ined wi th P refer to the treatment

,,(
)(P2) /

(P4)

(P6)
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Pavlenko assumes the damping moment of roll to be

a funetion of the angular ve loeity only, fiel).

The deerement of roll in ealm water is derived by

means of harmonie approximation and by treating the

amplitude ~(6) as a funetion of time:

LI ~(1!)
.-;U- - t)ft), At

~ ~
1(4/" tf;b)

l.zw. Ge (P11) (~12)

2) Rolling in regular Waves

Pavlenko deseribes the forced rolling motion of a

ship in a beam sea by the differentiaL equation

(P13)

By harmonie approximation again he finds the equation

(P14)

where /'P
see (P11).

denotes the maximum val ue of /L
/

Fig. P3 shows the plot of Se> against (/ for

eonstant Rand different values of ~e ,i.e. the

response eurves. The most remarkabLe faet is that

the maximum amplitude is an unsteady funetion of the

damping. For a given exeiting amplitude R, there is

a eriticaL damping and viee versa, the response eurves

being "limited" or not. Pavlenko eoneludes that in the

ease of an unlimited response-eurve the ship must eapsize.

Figs. P4 and P5 illustrate the eondition of safety.
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In the case of resonance, the exciting moment is

baLanced by the damping moment. Therefore,PavLenko

finds the maximum anguLar velocity from the equation

- K,
(P16)

In fig. P4, fa.4) has been plotted over the e~ ~.<-,- il.uS

and if a certain vaLue of R is given, the corresponding

vaLue of ~'w can easiLy be found. In order to determine

the roLL ampLitude ~ ,the product ~';e-V' / where 1(.,.(6.)

is the frequency of free roLL in caLm water, has been

pLotted over the G I_axis, too. When §p tends to the

end of the stabiLityrange where F(&) = 0/ a':(6b)

tends to zero. Thus the product ~~~~) has a maximum,

and to a given vaLue of this product an ampLitude c9~

can be found onLy if the vaLue does not exceed the maximum.

In this case the pLot yieLds two ampLitudes. By not ex-

pLained reasons only the smalLer one denotes the resonance

peak. If the exciting moment is too Large or the damping

moment too small the value of ~,~ found from (P16)

exceeds the maximum value of 4.~~) caLcuLated from (P4)

and no amplitude Be> can be determined. This is the case

when the resonance curve is not "limited".

In fig. P5 the same condition of safety is given by

the intersection of the natural frequency-curve

with the "Hyperbo la of Safety", ee,.t.J~) = const., which

is given by (P16) for constant R.

In a seaway, R is not constant. It depends not only

on the wave Length but also on the route and weather

condition. Then, the Hyperbola of Safety is changed

into a "Curve of Safety". According to PavLenko it is
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a necessary and sufficient condition of safety that

there is areal intersection of the natural frequency-

curve and the Curve of Safety. In order to construct

it he gives the formula

(1)20 )

where

c<,.-the
for

J? .--the
/ ~ the4f,.

:J-- the

.-4J- the

I
,-Ufo - the

effective wave sLop making aLLowance

the ship's dimensions

boyancy

metacentric radius influenced by orbitaL motion

moment of inertia

coefficient of hydrodynamic inertia

coefficient of the linearized damping moment

As all these va lues are functions of the wave frequency

only, so "R(q-J) . Fig. P9 shows how after plottingR{tY)

and f (tl) a point with the coordinates tU and e /

of the "Curve of Safety" can be found.
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Comments

1))The equation of motion (P13) is not correct because

there are no externaL moments acting on a ship in

waves/ but the ship is coupLed by static and dynamic

moments to the surrounding water as weLL as to the

Newtonian inertiaL system. Therefore, the moments are

functions of the reLative motions resp. coordinates.

OnLy in cases of Linear coupLlng moments, it is possibLe

to separate the coordinates putting e.g. the angLe of

ship's incLination to the inertiaL system on the Left

and the coordinates describing the motion of the surroun-

ding water on the right of the equationjwhich then appears

in the shape of (P13). But, as PavLenko wants to study
the ships roLLing at Large ampLitudes even with the

aspect of capsizing he ought to consider non-Linear

coupLing moments. The hydrostatic moment then shouLd

be written F (6 -,>'-) , where in waves of sufficient

Length F does not differ from the function defined in

caLm water and ~ denotes the mementary apparent in-

cLination of the wave surrounding the ship. The hydro-

dynamie moments of damping (esp. by wave generation)

and inertia shouLd be at Least suitabLe functions of

Linear eombinationsof el and ()(' resp. B" and O(..li

with parameters depending on ship's dimensions and

w&ve Length.

2) In eonsidering a non-Linear system at Large ampLitudes

or even eapsizing one eannot expect quantitative resuLts

from a method of harmonie approximation. EapeciaLLy the

substitution 4J'~ for the maximum anguLar velocity is

very arbi trary. 'Nith the same right one couL d put 1- G/~= r.p(~).
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Both formulae which are correct for small amplitudes

do not hold for amplitudes exceeding the maximum righting-

arm. - When Bo tends to the end of the stabi lity range
I 8,1<.

I

tU tends to zero and so does &/=- cv &:'"t on the)

other~d ~(~) tends to its maximum and so does
_

SI.=. tltrj(&). 'rhus in fig. P4 the curve denoted by &. i-'.J!rt;;)

as well as in fig. P5, the "Hyperbola of Safety" and

also the "Curve of Safety" all are arbitrary in the same

extent and cannot give any reliable warning.

3) Even if the equation of motion and its evaluation are

correct for a pendulum, an amplitude exceeding the range

of stability would not cause capsizing for on that branch

of the resonancecurve (fig. P3) / V'> t/Jf4) and therefore
when the pendulum inclines to the Left the exciting

moment is directed to the right, reinforcing the righting

up-moment of the pendulum. Besides, rolling states of

large amplitudes have practically small stability if a

state of lower amplitude is possible at the same frequency.

Therefore, the upper branch of the resonance curves

shown in fig. P3 is not very likely for frequencies u<c;rY.

By the Pavlenko curve, ~f correctly calculated, it is

not seen if the ship may capsize or not; but is is seen
.

~f her maximum amplitude of roll is determined by damping

or by detuning of her natural frequency.

4) The motion of capsizing is not included in the steady

states of roll. In order to find a'criterion on capsizing
J

therefore, an investigation on transient oscilLations

wouLd be necessary.

Nevertheless, we can ask for those steady states of roll,

the energy of which wouLd suffice for capsizing.
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For a ship in a transverse swell of momentary effective

wave inclination a(t) the equation of motion can be

written, if damping is neglected:

LI (I

-'- (
.

~
.)L~> f / -= e

/

(1)

LJwhere 'r' ~ \7-IX is the angle of heel.

Tf we assume that the oscilLograms e: (t) and 0i(t)

are similar to one another ~_.(t) is not sinusoidal:

(2)

the factor a. depending on the frequency of swelL.

Then

/

which means that the naturaL frequency ~1(9t) is

detuned to

a;(%)
-

14+-0(~

MuLtipLying equation (1) by t),df;: (4fd) clr and inte-
grating/we find .

.

I
16l~ (d-rcl) {Jfc;/).= (7

.

where for B=:Co' <j/=wand so C ~ f/~~(fj) ,

Therefore the total energy - which, of course, for a

ship in waves is not constant - becomes

t
(5)
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During one period of roLL this vaLue osciLLates twice

within the Limits - NB (4) -

and

(7)

~ L
Thus, if ~ <::t,)(C/i)

/
the maximum kinetic energy r:

may exceed the vaLue ~(~) necessary for capsizing

(~ = end of the stabiLity range) aLthough the ampLi-
tude of roLL is Lower than ~R . The condition for
those states of roLL wiLL be

(8)

Figs. 1a and 1b ahow three curves each, vaLid for the

righting arm-curves represented:

a) the skeLeton curve t(;"'(~)

b) the (dotted) curve Limiting states of roLL

with energy sufficient for capsizing

(9)

c) the curve Limiting stabLe states of roLL

(10)

This equation has been derived in "Rollzustände grosser
AmpLitude in seitlicher Dünung" by Dr. H. Baumann
Schiffstechnik, Heft 10, 1955. '
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The verticaLLy shaded regions represent roLL states

with energy sufficient for capsizing. The horizontaLLy

shaded region represent unstabLe states. So the doubLe

shaded regions denote dangerous roLL states which may

Lead to capsizing. Considering steady states onLy, we

cannot say under which circumstances a ship may come

into a dangerous state of that kind, because it is no

stapLe but a transitory state, but we can easiLy imagine
(i/

two speciaL processings Leading momentariLy into ~angerous

state.

First, if by heavy roLL in reguLar waves the freight

or other weighty objects change their positions a sudden

change of the ships dynamicaL properties occurs and per

chance a transitory dangerous state may arise.

Second, if the frequency of the sweLL sLowLy rises

whiLst its wave sLope remains constant and the point

representing the roLL state of the ship foLLows its

response curve and reaches the curve t!4:rCf:t) Limiting

stabLe states of roLL, a transition into another state

of motion is necessary. If the intersection point of
.....

response cur~e and C(J~ r~J represen ts a dangerous state

the ship may capsize aLthough untiL now its ampLitude of

ro LL has been mere Ly ~ ~ q,,~~ and ~ ~ tj;6.1 Yk for

the response curves giyen in figs. 1a and 1b wi th ()t..1? ~ q{~
and 0,5 CPR.. resp. Capsizing in this way, therefore,

is to be expected onLy if the ship's range of stabiLity

is smaLL. A simiLar consideration can be made with

constant frequency and sLowly rising wave sLope, Leading

to the same consequences.
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5) The correspondence between the righting arm-curve

shown in fig. P1 and the frequency-pLot given in

fig. P2 is not pLausibLe. As the maximum sLope of

the righting arm-curve is at the point &= ti the

frequency ID1iJsthave its maximum at &.~ d
, too.

.,c
The increase of frequency in the range of ß'L:.~L_ /.5

(fig. P2) cannot be obtained from the righting arm-curve

given, neither by the correct formuLa (P4) nor by the

approximate formuLa (P6).

By the way: If we substitute

( 11)

we obtain

(12 )

The dimensionLess period equaLs the mean value ~
- I

fC'~~-e~

<;t;rW-~

(13 )

I

(
,lRb) )

taken over the interval O~ Q{ ~ ~ with C = "t(e~1;::.~

Compared with (P4), formuLa (~) has the advantage

that the integrand ~3) varies within a smaller range

than the integrand of (P4).

We find from ~3)

(14 )
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and from (P4) :C
"'\/ ,~~ \

I ~(? )
' .

~

(/\
(

/.
./ = 0

(15)

~~;P(G~~I_ .

H&-)

If we write

(16 )

it is seen that the first factor equal s f1-(G1) and

denotes the ratio of the areas under the righting

arm-curve and under its secant, taken from G~o to &';6e-

The square of the second factor denotes the ratio of

the areas under the initial tangent of the righting

arm-curve and under the curve itself, taken again from

6)~& 4 (5.=~. Now if the curvatureof the righting
arm-curve is of constant sign both factors are either

greater or smaller then unity. So the integrand of (P4)
.t.

varies within a range larger than tf (~).'

The bows denote the range of variation for the inte-

grands of (t3) resp. (P4).
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In this cases'the mean vaLue ((2) can be weLL

mated by the arithmetic mean of the extrema

grand which are at «'="~ and cY;o~ . So

approgi-

of the inte-

(17)

In a previous treatment we have shown that for nearLy

every reasonabLe righting arm-curve the approximate

formuLa ~7) hoLds up to 70% of the stabiLity range

with an error Less than 1%.

1

/'/

/; l2u ?~&-.,
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	!t~ direetion being ~~r~~ the Latest wave sLope, i.e. 
	roLL angLes oeeur earLier or Later. As the restoring mo- 
	ment is smaLler on the crest than in the trough, the 
	Lee roLL angLe wiLL be greater than the windward roLL 
	of the 
	I;l~) == y:: .~ ~(&) 
	(91) 
	(92) 
	(93) 
	~ 'UIYV .. 
	VlIY::: T ~<f'-' . 
	and thus finaLLy 
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	Go Th~ RoLL Gtates of the Second ~ind, Ts = 2 Tw. 
	shaLL therefore set 
	c.plt) ~ er1t) 51'/1;) 
	(95) 
	for the first and conside~ the infLuence of the 
	variation in the apparent verticaL Later. The 
	equation of motion then becomes 
	J.i i. "f- 111 (7!) 0 f /4 f/(f:J)/ ? -Ar %) = ~ 
	- t; c)- 
	which can be decomposed again into the two equations 
	h/(7]). i f ß' ? 4rff) 
	I 
	(97) 
	(987 
	( 99 ) ( 1 00 ) 
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	- Lf ~ - 
	/~ 
	_ 'I. (105) 
	f;- ~ jJ' k/D I ,12. = ~, 
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	-'-13 
	(108 ) 
	-.1 
	( 4~!) 
	where Tw can aLso be replaced by a multipLe, ~p9.by 
	a) The rolL amplitudest 
	The amplitude of the active excitation component can be 
	(110) 
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	The ampLitude oi the acti:v:e ~xcitation can thus be expressed 
	as the product 
	aLso the dependence oi the active excitation on the ampLi- 
	tude. This can be ~urther just~fied by the fact that ex- 
	of these unceiFtainties we shaLL thus use thesimpLified 
	formuLa 
	In contrast to the roLL states of the first kind, where 
	This means that roLL osciLLations of the second kind can 
	be generated onLy if the sweLL exceeds the criticaL 
	vaLue 
	(113) 
	(114) 
	(115) 
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	If we substitute the reactive excitation (102) in (98) 
	~ 
	ship roLLing in eaLm water with a modified restoring 
	moment given by 
	= !~j3- I- rr(t --Z elf'!'! A,W, 
	We ean then derive the foLLowing expressions anaLogous 
	to equations (11) - (13); for the potential heeL energy 
	!I( 'I) f +;30),f//</,) I- ß..,itlifJ.f- v(J/ 
	for the totaL energy 
	(116) 
	(0/16 
	(117) 
	(-//1/) 
	(118) 
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	and for the time dlfferehtiaL of the' förced osci L Lation 'h ({ / 
	J/~(i')- ~(<f) 
	(119) 
	(//f) 
	Introducing the time differentiaL for the free osciLLation 
	/ 
	- IIf. 
	VA ~/o '-~7" ~rrJJ' . 
	and the period of the forced osciLLation 
	The detuhing factor 
	(120) 
	(121) 
	(/,? Ij 
	(122) 
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	resulting from the periodio verticaL acceLeration is thus 
	the mean vaLue of the expression 
	taken over the natural period. 
	(123 ) 
	The condition for absolute convergence is 
	(124 ) 
	As wiLL be shown later, this leads to the conditions 
	- ~ rf..~ <?r-"::::::. + 6) rf3 for decreasing stiffness I 
	(125) 
	With 
	7.~'/'-;ij ::~), cl! ~ -I - f t/V) 
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	the detuning factor then becomes approximately 
	(126) 
	(/L~) 
	As T = 2 T ~"e have thus derived an im 
	Licite re 
	tation of tbe response curve~of the second kind. A trans- 
	We have found that the roLL per iod of a ship is onLy 
	curve, however, the ampLitude may become dangerousLy Large. 
	rp 
	-<- 
	(127) 
	- ~9 ,... 
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	~f.1o determine the stab le regions. of the response curves 
	we apply our stability criterion of section 5d. For 
	stable roll motions we then have 
	The derivatives of the response curves Y; ('7,;/;1) for a 
	( 1 28) 
	given wave strength ß = const, are 
	(129) 
	on the axis 
	lf' = () · From (127) wefind further for 
	constant D 
	(130) 
	This yields the following ruLe for the response curves 
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	The unstable parts of the response eurves are shown dotted 
	in fig. 14a and 14b. In the following it will be shown that 
	trivial solution C/i(t}s= 0 of (96), tOr whieh our stabili- 
	ty eriterion is not appLieabLe,is also unstable. 
	(132) 
	and 
	(133) 
	This ease is partieuLarly useful for studying eertain eha- 
	raeteristie properties of the roLL states of the seeond 
	I 
	rential equation 
	< I 
	. '~ 
	(134 ) 
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	(135) 
	equation (102) th&n Leads to the non-Linear differentiaL 
	equation 
	(136) 
	for the steady roLL states. This is the free roll equation 
	for a ship in caLm water whose righting-arm curve is a 
	cubic parabola: 
	(137 ) 
	The rolL oscilLogram is therefore not sinusoidal, the 
	difference increasing with the ampLitude of the reactive 
	excitation. NevertheLess, the period of oscilLation is 
	independent of the rolL ampLitude, as the latter is 
	proportional to the stabiLity Limit of the righting-arm 
	ampLitude - 
	only on the reactive excitation 
	naLity factor 
	(138) 
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	The response curves therefore run paraLleL to the ordinate 
	is variable independently of ß . The 
	resonance states of the second kind are thus indifferent 
	for smaLl amplitudes, as the expression (128) vanishes. 
	(139) 
	( 1 40 ) 
	ampLitude of the reactive excitation 
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	with the soLutions 
	.) 
	/ ,'7" 
	,Z- 
	~ - Iz, L 1- /G-(ti)) 
	1-- - 
	.4 - k.z- [4 - ,?z ~)} 
	Using equations (119) and (135) and the substitution 
	x~ 0/0' the mean vaLue 
	which depends on the osc~lLogram shape but not on its 
	arnp L i tude) can be wri tten 
	so that from (133) and (139) 
	where lDis the compLete esLiptic integral 
	(142) 
	(143) 
	(144) 
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	To determine the active excitation we evaluate the mean 
	(147 ) 
	This expression can also be reduced to the complete eLliptic 
	1 
	( 1 48 ) 
	Using (139) and (133») the expression (147) then becomes 
	/: L:g ~!... 
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	(150) 
	Under the said conditions the roLL ampLitude increases 
	after an initial random impuLse untiL a point is reached 
	quired to balance the damping scarcely varies with the ampli..,. 
	This would 
	to a further 
	necessate a larger reactive excitation, which could onLy 
	be yielded by a larger total excitation - provided the 
	stood from this view-point. 
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	a speeifie impulse is neeessary to bring the ship into a 
	non-trivial roll state of the second kind. Although all 
	kinds of impulses are to be expected in a seaway, the 
	phase. 
	whieh will oeeur with 
	(151) 
	(152) 
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	formula 
	7' / 
	(153) 
	From (153) we obtain the following simple formula for the 
	maximum amplitude occuring with certainty: 
	(154) 
	iJ1his expression can be easi ly eval uated by intersecting 
	is 
	~-- 
	(155) 
	From (131) it follows that the solution is real. 
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	and the higher 
	<.J 
	is given by (97), (101) and the oseiLlogram Y1-(c). 
	\7e can use hereby the resuLt found above that for the 
	maximum ampLitude oeeuring with eertainty in roll 
	U(~;( 
	regarded as a quasi-linear system. Its motion ean 
	then be represented as a superposition of the three 
	so L utions wie), ~ (i>~ 't3' (i) of the differentiaL 
	I / 
	b) the periodie variation of the magnitude of the appar8~~ 
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	The sum of the three solutions gained from the diffe- 
	rential equations 
	(156) 
	I 
	'~ 
	(157) 
	and period 
	900 out of phase. Their phase Lag relative to the roLL 
	motion of the second kind 
	~/i) 
	depends on the damping and can be determined f~om (101). 
	The situation is iLLustrated quaLitativeLy in fig. 16 
	for the case ~Jr~ 0 
	where the verticaL acceleration 
	vaLue 
	position either of static equiLibrium or of maximum roLL 
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	in the reverse direction. In fig. 16 the successive positions 
	of the ship are to be read from Left to right. The wave is 
	On this roLL motion we now superimpose a motion of the 
	first kind Cß (t) 
	mation the differentiaL equation (156) can be written 
	I " . 
	. I 11 (: J (.. . 
	/ .f &/V 
	1 , 
	.( . T/ 
	~ ~~~~/75 being substituted for the ship's naturaL fre- 
	quency. As the exciting frequency 
	The angLes of roLL on the rear wave sLope are thus 
	J! 
	simuLtaneous roLL osciLLations of the first and second 
	(159) 
	( 1 60 ) 
	(161) 
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	kind: 
	(162) 
	(163) 
	For the Limiting ease of a sinusoidaL oseiLLogram this 
	.- 
	Using (118) the ampLitude is approximately 
	( 1 64 ) 
	for small 1//i~1 . If we now substitute 
	(165) 
	for the ship's naturaL frequeney (see equ. (32) ), 
	) 
	is weLl away from the resonance vaLue, becomes 
	(166) 
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	<f ); jJ; 
	(166 ) 
	f[1he amp l i tude is 
	(167) 
	11. The mean values 
	We next investigate the influenee of the reaetive exeitation 
	in (108) or (111) and (113).respeetiveLy. We eonsider 
	first the integrals 
	( 1 68) 
	(169) 


	page 71
	Images
	Image 1
	Image 2
	Image 3
	Image 4
	Image 5

	Titles
	and with (118) and (117) 
	Expanding the roots and using (108) and (126) we obtain 
	to the first order in ~~ 
	L1:::: 4_ 
	p~:~/ ci!- 
	(170 ) 
	(171 ) 
	(172) 
	(174) 
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	we can write 
	(175) 
	(176) 
	Now the mean square of a vaLue is aLways greater than the 
	square of the mean vaLue and further 
	(177 ) 
	so that the foLLowing bounds can be given for 
	(178) 
	'/Je can ju«qucaaywe L L wri te 
	(179) 
	( 1 80 ) 
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	The inf L uence of the reacti ve exci tation onf.{/r?) 
	and 
	can thus be estimated by the formuLae 
	111. Theconver.ence interval of the ex ansion 
	To determine the convergence interval of the expansion 
	(123) we write (181) in the form 
	with 
	tf 
	.~ - 
	'-) 
	==: - ,0 (cb). -l - 0 I w) 
	.. 
	The convergence condition (124) then becomes 
	(181 ) 
	(182 ) 
	( 1 (3) 
	( 1 84 ) 
	(185 ) 
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	with 
	( 186) 
	The convergence interval 
	( 1 87 ) 
	can thus be determined from the intersects of the famiLy 
	of parabolas 
	( 1 88 ) 
	with the two famiLies of straight Lines 
	( 189) 
	The abseissae of the two points on opposite sides of the 
	y-axis which lie nearest to the axis are the limiting 
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	A and m fram the intercepts nearest ta the y-axis the can- 
	vergence intervals were evaLuated numericaLLy: 
	far 
	far 
	= 1,5 (increasing stiffncs. 
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	where F(~) denotes the 
	--J--~~~~:~~e~~~~ined wi th P refer to the treatment 
	(P4) 
	(P6) 
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	(P11) (~12) 
	2) Rolling in regular Waves 
	(P13) 
	By harmonie approximation again he finds the equation 
	(P14) 
	Fig. P3 shows the plot of Se> against (/ for 
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	(1)20 ) 
	where 
	4f,. 
	I 
	effective wave sLop making aLLowance 
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	Comments 
	2) In eonsidering a non-Linear system at Large ampLitudes 


	page 82
	Titles
	Both formulae which are correct for small amplitudes 
	) 
	By the Pavlenko curve, ~f correctly calculated, it is 
	. 
	4) The motion of capsizing is not included in the steady 
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	is the angle of heel. 
	(2) 
	MuL tipLying equation (1) by t),df;: (4fd) clr and inte- 
	(5) 
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	and 
	(7) 
	~ L 
	may exceed the vaLue ~(~) necessary for capsizing 
	(8) 
	a) the skeLeton curve t(;"'(~) 
	(9) 
	c) the curve Limiting stabLe states of roLL 
	(10) 
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	First, if by heavy roLL in reguLar waves the freight 
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	By the way: If we substitute 
	( 11) 
	we obtain 
	(12 ) 
	The dimensionLess period equaLs the mean value ~ 
	<;t;rW-~ 
	(13 ) 
	We find from ~3) 
	(14 ) 
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	and from (P4) 
	I ~(? ) 
	. ./ = 0 
	(15) 
	If we write 
	(16 ) 
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